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Abstract. In this paper, we study the Khovanov homology of cable links. We 
first estimate the maximal homological degree term of the Khovanov homology 
of the {2k + 1, {2k + l)n)-torus link and give a lower bound of its homological 
thickness. Specifically, we show that the homological thickness of the {2k + 1, 
{2k + l)n)-torus link is greater than or equal to k^n + 2. Next, we study the 
maximal homological degree of the Khovanov homology of the (p, pn)-cabling 
of any knot with sufficiently large n. Furthermore, we compute the maximal 
homological degree term of the Khovanov homology of such a link with even 
p. As an application we compute the Khovanov homology and the Rasmussen 
invariant of a twisted Whitehead double of any knot with sufficiently many 
twists. 



1. Introduction 

A knot is an embedding of a circle into the 3-sphere. A link is an embedding of 
a disjoint union of finitely many circles into the 3-sphere. 

In [6], for each link L, Khovanov defined a graded chain complex whose graded 
Euler characteristic is equal to the Jones polynomial of L. Its homology group 
is a link invariant and called the Khovanov homology. Khovanov homology has 
two gradings, homological degree i and g-grading j. In this paper, we denote the 
homological degree i term of the Khovanov homology of L by KH*(_L) and denote 
the homological degree i and g-grading j term of the Khovanov homology of L by 
Kff'J(L). 

The {p, (7)-cabling K{p, q) of a knot K is the satellite link with companion K 
and pattern the {p, <7)-torus link Tp^q. The Alexander polynomial of a cable link 
satisfies the following formula (see [10]). 

Aif(p,9)(t) = AK(t^)AT,„(t). 

The Jones polynomial of a cabling of K is expressed in terms of the colored Jones 
polynomial of K . Indeed, the colored Jones polynomial has a cabling formula (for 
example, see [8]). However, there are few works about the Khovanov homology 
(which is a categorification of the Jones polynomial) of cable links. The (2fc, 2kn)- 
torus link T2k,2kn can be regarded as the (2fc, 2/crt)-cabling of the unknot and Stosic 
[15] showed that the maximal homological degree of the Khovanov homology of 
?2fe,2fcn is 2k^n (Theorem 13. 2p . Moreover, he computed the homological degree 
2k'^n term (see Theorem 13. 3|) . 

In this paper, we consider the (p,prt)-cabling of any knot. Our main results are 
Theorems 11.11 and 11.31 below. 
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We first determine the maximal homological degree of the Khovanov homology 
of the {2k + 1, {2k + l)rt)-torus link T2k+i,{2k+i)n by Stosic's method. In addition, 
we determine the dimension of the maximal Khovanov homology of such a link. 

Theorem 1.1. Let k and n be positive integers. Denote the {2k + 1, {2k + l)n)- 
torus link by T2k+i.{2k+i)n- Assume that its orientation is given by the closure of 
the braid (cti • • • cr2fe)^^''+^^" with all crossings positive, where the Ui are the standard 
generators of the braid group i?2fe+i- Then, for i > 2k{k + l)n, we have 

KH*(r2fc+i^(2fe+i)„) = 0. 

On the other hand, 

dimQKH^''^''+^^"(T2fe+i,(2fe+i)„) = (^j^^f^ ■ 
Moreover, for i — 0, . . . ,k + 1, we have 

From Theorem 1 we obtain the following. 
Corollary 1.2. Let k and n be positive integers. Then we have 

max{i G Z| Kff (r2fe+i,(2fc+i)„) ^ 0} = 2k{k + l)n. 

CoroUarv 11.21 implies that the larger the number n of full twists, the larger the 
maximal degree of the Khovanov homology of T2k+i^{2k+i)n- 

Next we consider the (p,pn)-cabling K{p,pn) of any oriented knot K. Assume 
that each component of K{p,pn) has an orientation induced by K, that is, each 
component of K{p,pn) is homologous to K in the tubular neighborhood of K. For 
such a link, we obtain an analog of Theorem 11.11 

Theorem 1.3. Let K be an oriented knot and D be a diagram of K with positive 
crossings and I- negative crossings. Put 1 = 1^ + 1^ and f = l-^- — l^. Then for 
n > I and any positive integer k, we obtain the following: 

max{i e Z| KR\K{2k, 2k{n + /))) ^ 0} = 2k^{n + /). 

In addition, if n > I, we determine the dimension of the maximal Khovanov ho- 
mology of the link: 

dimQKH2'='("+^)(ii:(2fc,2fc(n + /))) 

Moreover, for n > I and i — 0, . . . ,k, we have 

j^jj2fc^(n+/),6fc^(n+/)-2»^_^(2fc, 2k{n + /))) ^ 0. 

The first claim of Theorem ll.3l implies that, if n is sufficiently large, the larger the 
number n of full twists, the larger the maximal degree of the Khovanov homology 
o{K{2k,2kn). 

We also estimate the maximal homological degree of the Khovanov homology of 
the {2k + 1, {2k + l)n)-cabling of any knot K. 

Proposition 1.4. Let K be an oriented knot and D be a diagram of Kwith 
positive crossings and I- negative crossings. Put I = 1^+1- and f = l^ — l^. Then 
for n > I and any positive integer k, we have the following: 

2k{k + l){n + f) < max{i e Z| KW{K{2k + 1, {2k + l){n + /))) ^ 0} 

<2fc(fc + l)(n + /)+/+. 
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As an application, we can give a computation of the Khovanov homology of 
a twisted Whitehead double of any knot with sufficiently many twists (Propo- 
sition 15. 2p . since a cable link is obtained from such a knot by smoothing at a 
crossing. Moreover we compute the Rasmussen invariant s ([13)) of such a knot 
(Corollary [SH). 

The paper is organized as follows: In Section [21 we recall the definition of Kho- 
vanov homology and our main tools. In Sections [H and [H we prove Theorems 11.11 
and 11.31 and Proposition 11.41 In Section [SJ we present our results on Whitehead 
doubles. Section [Bj contains the proofs of several technical results. 

2. Khovanov homology 

2.1. The definition of Khovanov homology. In this subsection, we recall the 
definition of (rational) Khovanov homology. Let L be an oriented link. Take a 
diagram D of L and an ordering of the crossings of D. For each crossing of D, we 
define 0-smoothing and 1-smoothing as in Figure [TJ A smoothing of Z? is a diagram 
where each crossing of D is changed by either 0-smoothing or 1-smoothing. Let n 




Figure 1. 0-smoothing and 1-smoothing. 

be the number of the crossings of D. Then D has 2" smoothings. By using the 
given ordering of the crossings of D, we have a natural bijection between the set 
of smoothings of D and the set {0, 1}", where, to any e = (ei, . . . G {0, 1}", 
we associate the smoothing where the i-th crossing of D is £i-smoothed. Each 
smoothing is a collection of disjoint circles. 

Let y be a graded free Q-module generated by 1 and X with deg(l) = 1 and 
deg{X) — —1. Let be the number of the circles of the smoothing D^. Put 
= 1/®'^= . The module has a graded module structure, that is, for v = 
wi (8) • • • Wfc^ G Me, deg(u) := deg(wi) H + deg(t;fcj. Then define 

where |e| — J^iLi^i- Here, Me{i} denotes with its gradings shift by i (for 
a graded module M = 0j£z and an integer i, we define the graded module 
M{i} = e,ez by M{ty = AP-'). 

The differential map (f : C'^{D) — > C"+^(I?) is defined as follows. Fix an ordering 
of the circles for each smoothing and associate the i-th tensor factor of to 
the i-th circle of D^. Take elements e and e' € {0, 1}" such that Sj = and e'j = 1 
for some j and that Si = e[ for any i ^ j. For such a pair (e,e'), we will define a 
map dg^s' : — )• AI^i . 

In the case where two circles of merge into one circle of D^' , the map de^e' 
is the identity on all factors except the tensor factors corresponding to the merged 
circles where it is a multiplication map m: V ®V ^ V given by: 
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to(1 ® 1) = 1, m(l (K) X) = m(X (g) 1) = X, m(X (g) X) = 0. 

In the case where one circle of sphts into two circles of D^^ , the map d^^^t is 
the identity on all factors except the tensor factor corresponding to the split circle 
where it is a comultiplication map A : V ^ V ®V given by: 

A(l) = 1 + 1, A(X) ^X®X. 

If there exist distinct integers i and j such that £i ^ e'j and that Sj ^ e^-, then 
define de^e' = 0. 

In this setting, we define a map : C^{D) — > C*+^(I?) by X]|e|=i'^e; where 
4 : Me ^ C*+i(£i) is defined by 

\e'\=i+l 

Here G Mg C C^{D) and ^(e, e') is the number of I's in front of (in our order) the 
factor of e which is different from e'. 

We can check that {C^{D), d') is a cochain complex and we denote its i-ih 
homology group by H^{D). We call these the unnormalized homology groups of D. 
Since the map d' preserves the grading of C^{D), the group W{D) has a graded 
structure W{D) — ©^^z H^^^ {D) induced by that of C^{D). For any link diagram 
D, we define its Khovanov homology KH''-'(Z)) by 

where n+ and ri_ are the number of the positive and negative crossings of 
respectively. The grading i is called the homological degree and j is called the 
g-grading. 

Let D and D' be link diagrams. The diagram D is equivalent to D' if D' is 
obtained from D by the Reidemeister moves (see Figure [2|) and isotopies of the 
plane. It is known that two diagrams D and D' are diagrams of the same link if 
and only if D is equivalent to D' . 




Figure 2. Reidemeister moves. 



Theorem 2.1 ([3], [6]). Let L he an oriented link and D he a diagram of L. If D' is 
equivalent to D, the homology groups KH(£') and Kli{D') are isomorphic. In this 
sense, we can denote KH(D) by KII(L). Moreover, the graded Euler characteristic 
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of the homology KH(L) equals the Jones polynomial of L, that is, 
VLit) = {q + q-'}-' V(-l)'9^dimQKff'^"(L) 

where Vl(^) "is the Jones polynomial of L. 

2.2. Main tools. Our main tools are the following (Theorems 12.21 and 12.31 and 
Proposition 12. 4p . 

2.2.1. A long exact sequence. Let Z? be a link diagram and Di be a diagram obtained 
from D by z-smoothing at a crossing of D (see Figure [3]) . The following exact 
sequence was introduced in |T5] (see also ^TT]]. 




Do D Di 

Figure 3. D, Dq and Di. 

Theorem 2.2 ('18'). There is a long exact sequence of the unnormalized homology 
groups: 

> i7'-iJ-i(L>i) ^ W^3{D) H'-^{Do) -> W-'J-^iDi) ■ ■ ■ . 

2.2.2. Lee homology. Let L be an oriented link. By Lee'(L), we denote the homo- 
logical degree i term of the Lee homology of L (for detail, see [S])- 

Theorem 2.3 ( 9 ). There is a spectral sequence whose Eoo-page is the Lee homol- 
ogy and E2-page is the Khovanov homology. 

Proposition 2.4 (jSJ Proposition 4.3]). Let L he an oriented link with n compo- 
nents, 5i , . . . , 5'n . Then we have 

dimQ(LeeXi)) = 2||{£;c {2,...,n} I ^ 2lk{Sj, Sk) = i}l 

where Yk^Sj^Sk) is the linking number of Sj and Sk. 

3. The maximal degree of the Khovanov homology of the 

{2k + 1, {2k + l)n)-TORUS LINK 

In this section, we prove Theorem 11.11 which has three claims. The first, sec- 
ond and third claims are Lemmas 13. 8[ 13.91 and 13.121 below, respectively. We first 
introduce some results by Stosic. 

Definition 3.1. We denote the {p, (7)-torus link by Tp q. Put Dp ^ ~ (cri • • • ap-i)"^, 
where the ai are the standard generators of the braid group Bp. The closure of the 
braid Dp q is a diagram of the (p, (?)-torus link Tp^q. We give Tp q the downward 
orientation so that all crossings of Dp^q are positive. 
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Stosic [E] showed the following results (Theoreins l3.2l and l3.3l and Corollaries l3.4l 
and [331). 

Theorem 3.2 f [151 Theorem 1]). Let k and n be positive integers. Then we have 

Theorem 3.3 ([15, Theorem 3]). Let k and n be positive integers. Then we have 

dimQKH2'='"(r2fe,2fe„) = 

Moreover, we obtain 

dhnQKH2'='"'6fc^"-2^(T2fe,2fe„) = 

l_ otherwise. 

From the above results, we can determine the maximal homological degree of 
the Khovanov homology of the {2k, 2/crt)-torus link. 

Corollary 3.4 ([15p. Let k and n be positive integers. Then we obtain max{z S 

Z|Kff(r2fc,2fen)7^0} = 2fc2n. 

Moreover we can estimate the homological thickness of the (2fc, 2fcn)-torus link. 

Corollary 3.5 (^ |15i Corollary 5]). The homological thickness hw(T2k,2kn) of the 
(2k, 2kn)-torus link is greater than or equal to k{k — l)rj + 2, where the homological 
thickness hw(L) of a link L is defined as (max{j' — 2i\KH^'^ [L) ^ 0} — min{j — 
2i\KH'^i{L) 7^ 0})/2 + 1. 

The homological thickness of a link estimates a distance between the link and 
an alternating link as follows. A link is fc-almost alternating if it has a reduced 
diagram which can be alternating after k crossing changes and no diagram which 
can be alternating after — 1 or less crossing changes (see [2]). Then we have the 
following results. 

Theorem 3.6 (01 Theorem 8]). Let L be a k- almost alternating link. Then we 
obtain 

k > hw{L) - 2. 

Remark 3.7. From Corollary 13.51 and Theorem 13.61 the (2fc, 2fcn)-torus link has 
no diagram which is alternating after fc(fc — l)n — 1 or less crossing changes. 

Theorem 11.11 can be regarded as an analog of Theorems 13.21 and 13.31 and Corol- 
lary [331 Theorem 1 1.1 1 follows from Lemmas 13. 8) (3791 and l3.12l below. We will prove 
these Lemmas. 

Lemma 3.8. Let k and n be positive integers. Then we have KH*(T2fc_|_i (2fc+i)n) = 
i/i > 2fc(fc + l)n. 

Proof. In Section m we prove Proposition [L4l which implies Lemma 13.81 □ 

Next we introduce Lemma [3.91 We can consider Lemma [3.91 to be an analog of 
the first claim of Theorem 13.31 




2k\ ( 2k \ ^ 
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Lemma 3.9. Let k and n be positive integers. Then we have 

To prove Lemma \3l9[ we use the same notation as Stosic's in jlT. 

Definition 3.10 ([S]). Let K be any positive braid link, that is, K has a diagram 
which is the closure of a positive braid. Let D be its diagram which is the closure 
of a positive braid with p strands. The crossing c of D is of the type fJi {i < p) if it 
corresponds to the generator ct^ in the positive braid. Let c\,...,c\. be of the type 
(Ti crossings of D and order them from top to bottom in the positive braid. Then 
we denote the crossing by (i, a), where 1 <i <p and 1 <a<li. 

Let 3 < p < q. Let i?p^ and ^ be the diagrams obtained from Dp^q by 
1-smoothing and 0-smoothing at the crossing (p — 1, 1) of Dp q respectively. We 
continue the same process. Let ^ and ^ be the diagrams obtained from ^ 
by 1-smoothing and 0-smoothing at the crossing (p — 2, 1) of ^ respectively. 
Repeating this process p — 1 times, that is, for any k — l,...,p — 1, let ^ 
and Dpq be the diagrams obtained from D^~^ by 1-smoothing and 0-smoothing 
at the crossing {p — k, 1) of D^"^ respectively. Note that D^^ = Dp^q and that 
D^'^q^ — Dp^q^i. For example, see FigurelH 

We define H'^^{E^q) H''^ (E^q) and H'^D^^q) := H'^^(Df~q), where ^ 
and D^ q are the closure of Ep q and Dp q, respectively (see Figure [5]). 




^3,4 = ^3,4 4 L>3 4 4 D| 4 = Ds^3 

Figure 4. Z?3,4 = ^§,4, ^3,4, ^1,4, ^^l,4> and Dl^ = Z?3,3. 




Figure 5. The closure /3 of (3, where /3 = Ep q or Dp q. 
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From Theorem [221 we have the following long exact sequence for fc = 1, . . . ,p— 1: 
(3.1) ---^ W-^-'^-\E^^^^) ^ H-^{D'-^^) ^ W^Dl^^) ^ H-^~\E'^^^) ^ • • ■ . 
We use the following lemma, whose proof will be given in Section |6l 
Lemma 3.11. Let k and n he positive integers. Then we have 

i?''=('-+^)"p2fc+l,(2fe+l)n-l) = 0. 

Proof of Lemma 13.91 To prove this lemma, it is sufficient to prove the following: 



(3.2) dimg iJ^'=('=+^)"(^Ui,(2.+i)„) = 2 i^^^l; ^ 

where Q <l <2k (for convenience, we define = if < a < 6). Indeed, if we 
put Z = in p. 21) then we have 

dimq KH^^-('=+i)"(T2fc+i,(2,+i)„) = dimq i?^'=('=+^)"(i?^fc+i,(2.+i) J 

2fc + 1 

k + 1 

2 ^ (2fc + l)2fc---(fc + 2)(fc + l) 

^ (fc + l)fc---2-l 

(2A: + 2)(2fc+l)2fc---(fc + 2) 
(fc + l)fc---2- 1 

2fc + 2^ 
^ fc + 1 

To prove p.2p . we use induction on k. 

For fc = 1, we need to compute H'^'^iDs^sn), H^^^iDi^J and H'^'^{Dl^J. Note 
that -Df 3„ — D^^sn-i- The Khovanov homology of the (3, g)-torus link is known 
(for example, see [15l Theorem 8] or [TBI Theorem 3.1]). In particular, 

dimq H^"{Dl,J = diniq H^^iD^.^sn-i) = 

and 

dimq i?^"(i?° 3„) = dimq ff4"(i?3.3n) = 6. 

Next we compute the Khovanov homology of 3„ . We have the following long 
exact sequence: 

(3.3) • • • ^ i?'"-'^^P^,3„) ^ H^"-'-'-\El,J ^ H^'^-^iDl.J ^ 0. 

We can check that the closure of £'| 3„ is a diagram of the unknot and that it has 
An — 1 negative crossings and 2n — 1 positive crossings. From the definition of the 
Khovanov homology, we obtain 

I Q if = 6n ± 1, 



ifj/6n±l. 



where U is the unknot. 

Hence, from p.3p . we have 



dimq J <2. 
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On the other hand, the dmiension of Lee''"(-D3 3„) is 2. Indeed, the closure of I?| 3„ 
has two components Si and S'2, and the hnking number lk(S'i,S'2) is 2n. From 
Proposition [mi we have 

dimQLee4"(I?i_3„) = 2|{Bc{2}| '^MSa, St) = 4n}\ ^ 2, 

beB.a^B 



where |S| is the number of the elements of a set B. Since there is a spectral sequence 
whose E'oo-page is the Lee homology and £'2-page is the Khovanov homology, we 
have 

Hence we obtain 

dimQH'-{Dl,J^2. 

Suppose that p.2p is true for 1, . . . ,k — 1, that is, suppose that for 1 < /i < fc, 
n > and / = 0, . . . , 2h, we have 

(3.4) dimq J = 2 (^^\+^ ' ^ 

We will show that p.2p is true for k. For Z = 0, . . . , 2fc — 1, we obtain the following 
long exact sequence: 

. . . ^ n^Hk+l)n-l,j-l(Tpl+l \ TT2k{k+l)n,j ( r^l \ 

yCi.O) n \^2k+l,(2k+l)nl ^ \^2k+l,{2k+l)nl 

f' 

•'j- TT2k{k+l)n,j ( + l \ 

^ ^ \^2k+l,(2k+l)n) ^ • ' ■ • 



From the exact sequence ()3.5p . we obtain 

^dimQi/2fe(.+ l)n,,(^/^^^_^^^^^^J 

j 

= ^(diniQ ker /j + dimq Im /j) 

j 

= ^(dimq Im + dimq Im /j) 

j 

j 

<5]dimqi/W)"-i..-i(4+i^_^^^^^^J + ^(dimqImg^^^ 

j j 

< . . . < 

2k 

<J2i: dimqi/2'=('=+i)"-i--i(£;,l^,,,,^,)J 

j m—l-\-l 

+ dimq//2'^('=+i)"(i?2\\i,(2fe+i)J 

2k 

< dimq i/2fc('=+i)"-i(i?™+i,(2fe+i)J + dimq i72'=('^+i)"(^2.+i,(2fe+i)„-i). 

m=l + l 
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From Lemma [3.1U we have dimq i/^'°('^+^)"(_D2/c+i,(2fc+i)n-i) — 0. To compute 
dimQi/2'=('=+i'"-H^^2"+i,(2fe+i)„)' consider the closure of S2"+i,(2fe+i)„- ^ote 
that the closure of £'2fc+i (2fe+i)n equivalent to the closure of D^2k-i (2fe-i)n ^'^^ 
i > 2 (see Figure E]). We give the closure of i?2*:+i (2fc+i)n orientation such that 
all crossings of the closure of D^2k-i (2fc-i)n positive. Then we can check that 
the closure of i?2fc+i (2*;+i)n 4fcn— 1 negative crossings. Hence for i > 2 we have 

^^^'=+^^'="-^(i?2fc+i,(2.+i)„) = kh2^'=+i)'="-i-^'="+i J 

Similarly, the closure of £"2^+1 (2fc+i)n equivalent to the closure of -D2fc-i,(2fc-i)n U 
Oj where Q is a circle in the plane (see Figure [7]). We give the closure of 
^2k+i (2fc+i)n orientation such that all crossings of the closure of £'2fe-i,(2/£-i)n U 
O are positive. Then we can check that the closure of E},i^^-^ (2fe+i)n 4fcn— 1 

negative crossings. Hence we have 

i^'^'+'^'"-'(i^2Wl,(2/c+l)„) = KH2('=+l)'^"-l-4'="+l(i?2._l,(2.-l)„ U O) 

= KH2('=-i)'="(i?2fc_i,(2,_i)„UO). 
By the induction hypothesis (|3.4p . we obtain 



-^2fc+l,(2fc+l)n 



2k+1-i 2k+1 



2/c+l,(2A;+l)n-l 



1 2 3 ■■■ 2k-i 



D2k-l,{2k-l)n-l 



rji-2 

■^2fc-l,(2fc~l)n 
Figure 6. The closure of £'2fe+i (2fc+i)n equivalent to the closure 

2fc-l,(2fe-l)?^ 



ofDtl^, for i > 2 
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^2fe+l,(2fc+l)n 



2k-1 2k 2k+1 



V 



2fc+l,(2fc+l)?i-l 



1 2 3 ■■■ 2k-1 2k 



-D2fc-l,(2fc-l) 



= D2k-l,{2k-l)n LI O 

Figure 7. The closure of £'2fc+i (2fe+i)n equivalent to the closure 

of D^k-i ,{2fc— l)n 



dimq i/2('=+i)'="-i(i?^fe+i,„,.^nJ-2 



^2fe+l 

'c+l,(2fc+l)r 



2fc + 1 - i 



diniQi/2('=+i)'="-i(i?,i +l)J=2x2^2^ lU2^2fc 



> 2), 

2/!; 
k 



Hence we obtain 
(3.6) 



^dimgi72^('=+i)"'^(Z?^,^,,(2fc+i)„) 



2k 



< J2 dimq i72'=('=+i)"-i(i?^'^+i_(2.+i)„) + dimq i/^'=('=+^'"(^2fc+i,(2.+i)„-i) 

m=l+l 
2 k 



E 2 

m=/+l 

'2fc + 1 - ; 



2fc + 1 - TO 

k 



k + 1 

Finally we will prove that the inequality in p.6p is in fact an equality for 
I — 0, ... ,2k. At first, we consider the case where ^ = 0. The dimension 
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,(2fe+i)n) is ^ ^ ^ • Iiideed, the closure of £'2/0+1, (2fe+i)n 

has 2k + 1 components ^i, . . . , <S'2fe+i, and the Unking number lk(S'a, 5*^) is n for 
a,b = 1, . . . , 2fc + 1. From Proposition 12. 4[ we have 

dimQLee2'^(^+i)"(i?2fc+i,(2fe+i)„) 

= 2|{Sc {2,...,2A: + 1} I ^ 21k(S'„, S^b) = 2/c(/c + l)n}| 

bGB,a(B 

= 2|{J5 C {2,...,2fc + 1} I |S| X |{l,...,2fc + 1} \B| = fc(fc + 1)}| 
=.2|{Sc{2,...,2fc + l} I \B\ =fc,(fc + l)}| 



k ) \k + \ 
2fc---(fc + l) 2k---k 
^ k\ + (fc + 1)!^ 

^^^«-"-^' 

(2fc + 2)(2/c + l)---(fc + 2) 

2fc + 2^ 
fc + 1 

Since there is a spectral sequence whose i?tx3-page is the Lee homology and -B2-page 
is the Khovanov homology, we have 

'^ktl) = diniQLee2'=('=+i)"(i?2fc+i,(2.+i)„) 

< dimq KH2'=('=+i)"(i?2fc+i,(2fe+i)J 
<dimQ i/2'=(^+i)"(i?2fe+i,(2/.+i)„) 



< 



f2k + 2\ 



This implies that we have the equality in p.6p for ^ = 0. This fact implies that for 
any j € Z and m = 0, . . . , 2fc — 1, we obtain 

(3.7) dimQlm5r=dimQi/2fc(fe+i)«-i,,-i(^™+i^^^^^^^j^ 

(3.8) dimQlm/;» = dimQi/2fe(.+i)n.,(^™+i^^^^^^^j, 



From (j3.7p and (|3.8p . we have the equality in p.6p for I = 0, . . . , 2fc. Hence we 
obtain 

dime i7-('^+^)"(i^^,(,,^,)J = 5: dime i/-('=+^)"-(i?^,(2.H-i) J 

i 

'2A: + 2 - 



1 



□ 



The following lemma can be regarded as an analog of the second claim of Theo- 
rem [ 
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Lemma 3.12. For z = 0, . . . , fc + 1, we have 

K-n iJ2fe+l,(2/c+l)nj ^ U. 

Proof. To prove this lemma, we use induction on k. 

For fc = 1, it has aheady known that KH^^'^^^+i (j.^ .^^^^ KH'*"'i2"-^(T3,3„) and 
KH^"'^^"-^(r3,3„) are not zero (see [T5l Theorem 8] or Theorem 3.1]). 

Suppose that Lemma 13.121 is true for 1,...,A; — 1, that is, suppose that for 
\<h<k,n>Q and « = 0, . . . , /i + 1, we have 

(3.yj KM U2h+l,(2h+l)nj 7^ U. 

From the proof of Lemma 13. 9[ we obtain 

2k 

dimQi72'=(''^+i)"-^(i?2fc+i,(2.+i)n) = E dimQi?^'=('=+i)"-i-^"-i(i?rfe+i,(2,+i)J 

> dimq i/''-('=+^'"-^'^-Hi?2Vi,(2fe+i) J 

+ dimQi/2^('=+i)"-i'^-i(i?,Vi.(2fc+i)J- 

Note that the closure of £^2fe+i (2fc+i)n equivalent to the closure of -D2fc-i,(2fc-i)n 
(see Figure O. We give the closure of -Bj/c+i (2fc+i)n orientation such that all 
crossings of the closure of £'2fe-i.(2/c-i)n S'l'e positive. Then we can check that the 
closure of i?2fe+i (2fe+i)n ~ ^ negative crossings and 2fc(2fc — l)n — 1 positive 

crossings. Similarly, the closure of E2k+i (2fc+i)n equivalent to the closure of 
D2k-i,(2k-i)n L-l Oi where Q is a circle in the plane (see Figure [7]). We give the 
closure of i?2fc+i (2fe+i)n orientation such that all crossings of the closure of 
-D2fe-i,(2fe-i)«LJO are positive. Then we can check that the closure of E^^j^^ (2k+i)n 
has Akn — 1 negative crossings and 2k{2k ~ l)n positive crossings. Hence we have 

^™ T^TT2fe(fc+l)n,6fc(fe+l)n+l-2i/n ^ 
dimqKH (-t>'2fc+l,(2fc+l)rj 

= dimq i/2'=('=+i)"'2'=^"+^'="+i-2^(i?2fe+i,(2.+i)„) 
> dimq i/^'=('=+^>'-^-^'^^"+^'="-^'(i?2\+i,(2.+i) J 

+ dimq H^'=(^+^)"-^'^'=^"+^^"-^'(i?2\+i,(2.+i) J 
= dimq KH2'=('=-i)"''^'=('=-i)"+'-'^(i?2/c-i,(2/c-i)„ U Q) 

+ dimq KH2'=('=-^)"'^^('=-^)"+^-^^(Z?2fc-i,(2fc-i)„). 



By the induction hypothesis (j3.9p . the first term of the last expression is not zero 
for i = 1, . . . , fc + 1 and the second term is not zero for z = 0, . . . , fc. □ 

From Lemma |3.12[ we obtain the following. 

Corollary 3.13. The homological thickness hw(r2fe+i,(2/£+i)n) of the (2fc + l, (2fc + 
\)n)-torus link is greater than or equal to k^n + 2. 

Proof. From Lemma 13.121 we have 
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In [7], Khovanov determines the homological degree term of the Khovanov ho- 
mology of a positive hnk (see Theorem 13.151 below). Note that, in 7\, he denotes 
Kff'-^ by W'^. 

The closure of i?2fe+i.(2fe+i)n is a positive diagram of T'2fe-i-i,(2fe+i)n- The number 
of its Seifert circles is 2fc + 1 and the number of its crossings is 2fc(2fc + l)n. From 
Theorem 13. 15[ we have 

KHW=+i^"-^)+^(r2.+M2fe+i)„)^0. 

Hence, by the definition of the homological thickness (cf. Corollary [33]) , we obtain 

hw(T2fc+i,(2fc+i)„) > i(2fc((2fc + l)n - 1) + 1 - 2kn{k + 1) - 1 + 2(A: + 1)) + 1 

□ 

Remark 3.14. From Corollary [HI] and Theorem [331 the (2A:+1, (2fc + l)n)-torus 
link has not diagram which is alternating after k'^n — 1 or less crossing changes. 

Theorem 3.15 ([T] Proposition 6.1]). Let L be a positive link. Then KH*(i) = 
ifi < 0, 



Q tfj^-so{D)+c+l±l, 
otherwise, 



and KH*'-'(L) — if i > and j < c — so{D), where so{D) is the number of the 
Seifert circles and c is the number of the crossings in a positive diagram D of L. 



4. The maximal degree of the Khovanov homology of a cable link 

In this section, we prove Theorem 11.31 and Proposition 11.41 

Recall that Theorem [13] has three claims. These claims follow from Lemmas 14. 21 
14.81 and 1 4.91 below. Lemma implies the first claim of Theorem 1 1.31 Lemmas 14.81 
and 14.91 are the second and third claims of Theorem ll.3[ respectively. Hence, Theo- 
rem [T|3] immediately follows from Lemmas l4.21l4.8l and l4.9l Lemma l4^ also implies 
Proposition 1 1.41 

To prove these lemmas, we define some notation. 

Definition 4.1. Let K be an oriented knot and be a knot diagram of K with 
writhe /. Denote the (p, pn)-cabling of the knot K by K{p,pn). Assume that each 
component of K(jp,pn) has an orientation induced by K, that is, each component 
of K{p,pn) is homologous to K in the tubular neighborhood of K. Let D{p,q+pf) 
be the diagram depicted in Figure [8] The diagram D{p,q + pf) is a diagram of 
the (p, q + p/)-cabling K{p, q + pf) of K (see Figure [10]). Let D"\p, q + pf) and 
E"^{p,q + pf) be the diagrams depicted in Figure [9] 

We first prove Lemma 14.21 which implies Corollaries 11.21 and 13.41 

Lemma 4.2. Let K be an oriented knot and D be a diagram of K with 1+ positive 
crossings and /_ negative crossings. Put I — 1+ + I- and f — 1+ — 1-. Then for 
n > I and any positive integer k, we have the following: 

max{i e Z| Kff (i^(2fc, 2k{n + /))) ^ 0} = 2k'^{n + /) 
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Dip,q+pf) = 




Figure 8. The diagram D{p,q + pf) is obtained from p-parallel 
of D by adding Dp q^ where / is the writhe of D. The diagram 
D{p,q + pf) is a diagram of the {p, q + p/)-cabHng of K. 




E^{p,q+pf) = 




Figure 9. The diagram D"^{p,q + pf) and E^^{p,q + pf). 



and 



2k(k + l)(n + /) < max{i £ Z| KYl\K{2k + 1, (2fc + l)(n + /))) ^ 0} 
<2fc(fc+l)(n + /) + ;+. 



We use Lemma 14.31 to prove Lemma 14.21 Lemma 14.31 gives upper bounds of 
max{i e Z| KH*(X(p,p(n + /))) ^ 0}. 

Lemma 4.3. Let k be a positive integer and n > 0. 

(1) Ifi > 2k^{n — l + l)+l{2k)^ andn > I, or i > l{2k)^ and n < I, then we have 
H''{D'^{2k,2k{n + f)+j)) = for any j ^ 1, . . . ,2k and m = 0, . . . ,2k-l. 

(2) // i > 2k{k + l)(n - ^ + 1) + l{2k + 1)^ and n > I, or i > l{2k + 1)^ 
and n <l, then we have i?*(D™(2fc + 1, (2k + l)(n + /) + j) = for any 
j = 1, . . . , 2fc + 1 and m = 0, . . . , 2k. 
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D 




L»(3,g-9) 





£;'"(3,g- 9) 



Figure 10. Examples of D{p,q), D™^(p,q) and E"\p,q). 



Proof of Lemma H.'dl (1). We prove this by induction on k. For k = 1, there is the 
foUowing exact sequence: 

(4.1) • • . ^ W-\E\2, 2{n + /) + jj) ^ W{D{2, 2{n + /) + j)) ^ 

i/X^(2, 2(n + /) + J - 1)) ^ i/^(i?i(2, 2(n + /) + j')) ^ . . . , 

where j = 1,2 and n > 0. To study H\D{2,2{n + f) + j)) and H'{D{2,2{n + f) + 
j — 1)), we consider the diagram E^{2, 2{n + f) + j). 

Note that for j = 1,2, the diagram (2, 2{n + f) +j) is a diagram of the unknot 
and has 21 + 2n + j — 1 negative crossings. Hence for i > 21 + 2n + j — 1 and n > 0, 
we have H^{E\2,2{n + f)+j)) ^ Kff "(^'+2"+^^^^ ([/) = 0. From the fong exact 
sequence (|4.ip . ii i > 21 + 2n + j and n > 0, then for j — 1,2 we obtain 

i?*(i^(2, 2(n + /) + .7)) = H\D{2, 2{n + f ) + j - 1)). 

By repeating the same process, ii i > 21 + 2n + j and n > 0, then for j = 1, 2, we 
have 

WiD{2, 2{n + /) + j)) = H\D{2, 2{n + f) + j - 1)) 
-i/^(i?(2,2(n + /)+j-2)) 



= H*(i^(2,2/ + l)) 
= W{D{2,2f)). 
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Since the diagram D{2,2f) has 41 crossings, we obtain H^{D{2,2J)) ~ for any 
i > 41. Hence ii n > I and i > 21 + 2n + j , or n < I and i > 41, then we obtain 
H'{D{2, 2{n + /) + j)) = 0, where j = 1, 2. 

Suppose that this lemma is true for 1, . . . , fc — 1, that is, suppose that for 1 < 
5 < fc, j = 1,. . .,2g and TO = 0,. . .,2g- 1, we have H\D"\2g,2g(n + f) + j)) = 
if i > 2g'^{n + + l{2gf and n>l, or i> l{2gf and n<l. 

We win show that Lemma [4.31 (1) is true for k. We obtain the foUowing exact 
sequence: 

(4.2) H'-\E'"\2k, 2k{n + /) + j)) H'{D"'-^(2k, 2k{n + f) + j)) 

^ H\D"'{2k, 2k{n + /) + j)) W{E"'{2k, 2k{n + f) + j)) 

where m = 1, . . . , 2fc - 1, j = 1, . . . , 2fc and n > 0. To study H'{D'"'-\2k, 2k{n + 
f) + j)) and H\D''\2k, 2k{n + /) + j)), we use the fohowing claim. 

Claim 4.4. Under the induction hypothesis in the vroof of Lemma \4.'6\ (I), if i > 

2k^{n — I + 1) + l{2ky — 1 and n >l, or i > l{2k)'^ — 1 and n < I, then we have 
H\E"\2k, 2k[n + /) + j)) ^ for any j ^ 1, ... ,2k and m ^ 1, ... ,2k - 1. 

We will give a proof of Claim |4^ in Section |6l 

From Claim lOl and the exact sequence (|4.2|) . if i > 2k^{n - I + 1) + l{2kY and 
n> I, or i > l{2k)'^ and n < I, then we have 

W{D'^-\2k, 2k{n + /) + j)) = W{D^{2k, 2k{n + f) + j)) 

for m = 1, . . . , 2fc — 1 and j = 1, . . . , 2k. 

By repeating this process, if i > 2fc^(n — / + 1) + l{2kY and n > I, or i > /(2fc)^ 
and n < I, then for m = 0, . . . , 2fc — 1 and j — 1, . . . , 2k, we have 

H\D'^{2k, 2k{n + f)+ j)) = H\D"'+\2k, 2k{n + f) + j)) 

= W{D''^-\2k,2k{n + f)+j)) 
= W{D° {2k, 2k{n + f) +]-!)) 
= W{D\2k,2k{n + f)+j-l)) 

= W{D^^-^{2k,2kf +1)) 
= W{D{2k,2kf)). 

Since the diagram D{2k, 2k f) has /(2fc)^ crossings, we obtain H^{D{2k, 2kf)) — 
if i > l{2kf. Hence if* > 2k\n-l + l) + l{2kf and n > or z > l{2kf and n<l, 
then we have 

H\D"\2k,2k{n + f) + j)) = 
for j = 1, . . . , 2k and m = 0, . . . , 2fc - 1. □ 

Proof of Lemma \4.3\ (2). This proof is the same as the proof of Lemma l4.3l (1). We 
prove this by induction on fc. For fc = 1, there is the following exact sequence: 

(4.3) . . . iJ-i(iJ™(3, 3(n + /) + j)) ^ W{D"'-\i, 3(n + /) + j)) ^ 

^ H\D^^\i, 3(n + /) + j)) ^ W{E"^(i, 3(n + /) + j)) ^ . . • , 
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where m = 1,2, j = 1,2,3 and n > 0. To study iJ'(i:)™-i(3, 3(7i + /) + j)) and 
i/'(L»™(3, 3(n + /) + we consider the diagram £;"(3, 3(n + /) + j). 
Note that 

• i?^ (3, 3(71 + /) + 1) is equivalent to D and has 4n + 5Z_ + 4Z+ negative 
crossings, 

• E^{3, 3(n + /) + 2) is equivalent to D and has 2 + 4n + 5/_ + negative 
crossings, 

• E'^{3, 3(n + /) + 3) is equivalent to L» U Q and has 3 + 4n + 5/_ + 4/+ 
negative crossings, 

• -B^ (3, 3(n + /) + 1) is equivalent to £> U Q and has An + 5/_ + 4Z+ negative 
crossings, 

• E^{3, 3(n + /) + 2) is equivalent to £> and has 1 + 4n + 5/_ + 4Z+ negative 
crossings, 

• i?^(3, 3{n + /) + 3) is equivalent to D and has 3 + 4n + 51- + 4Z+ negative 
crossings. 

Hence H'{E"''{3, 3(n + /) + j)) is isomorphic to Kff""" (D) or KH'""" {D U Q), 
where n_ is the number of the negative crossings of i?™(3,3(n + /) + j). Since 
£) has only /+ positive crossings, we have Kff (D) = Kff (D U Q) = if 
i-n^ > l+. Hence 7?'(i;"(3, 3(n + /) + j)) = if i > 4n + 3 + 5Z and n > 0. 
From the exact sequence (I4.3p . if « > 4n + 4 + 5Z and n > 0, then we have 

H\D^{i, 3(n + /) + j)) = W{D"^-'{3, 3(n + /) + j)) 

for j = 1,2,3 and m = 1, 2. By repeating this process, if i > 4n + 4 + 5/ and n > 0, 
then for j = 1,2,3 and m = 1, 2 we obtain 

H\D^-{3, 3{n + /) + j)) = W{D"^+'{3, 3(n + /) + j)) 

= W{D^{3,3{n + f)+j)) 

^W{D\3,3{n + f)+j-l)) 

= W{D^(3,3f+l)) 
= W{D{3,3f)). 

Since the diagram D{3,3f) has 91 crossings, we have H^{D{3,3f)) = if i > 
9?. Hence if n > ? and z > 4ri + 4 + 5Z, or n < / and i > 91, then we obtain 
H\E^{3, 3(n + /) + j)) = 0, for j = 1, 2, 3. 

Suppose that this lemma is true for 1, . . . , fc — 1, that is, suppose that for 1 < .9 < 
A:, J = 1, . . . , 25 + 1 and m = 0, . . . , 2g, we have H\D'^{2g + l, {2g + l){n + f)+3)) = 
if i > 2g{g + l){n-l + l) + l{2g+lf and n>l,oii> l{2g+l)'^ and n < I. We 
will show that Lemma l4?3l f2) is true for k. We obtain the following exact sequence: 

(4.4) 

^ H'~\E'^{2k+l, (2fc + l)(n + /)+j)) ^ i/'-(Z?"-i(2fc + l, (2fc + l)(n + /)+j)) 
-^W{D"'{2k + l,{2k + l){n + f)+j))^W{E'"'{2k + l,{2k + l){n + f)+j)) ^, 
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where to = 1, . . . , 2fc, j = 1, . . . , 2fc + 1 and n > 0. To study W{D"'-^{2k + l, {2k + 
!)(" + /) + j)) and W{D"'{2k + l, (2fc+l)(n + /) + j)), we use the following claim. 



Claim 4.5. Under the induction hypothesis in the proof of Lemma 14.31 (2), if i > 
2k{k + l){n -l + l) + l{2k + 1)2-1 and n > I, or i > l{2k +1)^-1 and n < I 
then we have i/*(£;™(2fc+ 1, (2fc + l)(n + /) + j)) = for any j = 1, . . . ,2k + l and 
TO = 1, ... , 2k. 

We will give a proof of Claim 14.51 in Section |6l 

From Claiml431and the exact sequence (|44l) . Hi > 2k{k+l){n-l + l) + l{2k+l)'^ 
and n > I, or i > l{2k + 1)^ and n < I, then we have 

H\D^-\2k + 1, {2k + l)(n + /) + j)) = H\D"'{2k + 1, {2k + l){n + f) + j)) 

for TO = 1, . . . , 2fc and j — 1, . . . , 2A; + 1. 

By repeating this process, if i > 2k{k + l)(n — Z + 1) + l{2k + 1)^ and n > Z, or 
i > l{2k + 1)2 and n < I, then for to = 0, . . . , 2fc and j = 1, . . . , 2fc + 1, we obtain 



W{D"\2k + 1, {2k + l)(n + /) + j)) = H 



H 
H 
H 



H 



{D"'+'{2k+l,{2k+l){n + f)+j)) 



{D'''{2k + lA2k+l){n + f)+j)) 
(D°(2fc + l,(2fc + l)(n + /)+j-l)) 
{D\2k + l,{2k + l){n + f)+j-l)) 

(i^2fc(2fc + i,(2fc + l)/ + l)) 



^ W{D{2k + l,{2k+l)f)). 

Since the diagram D{2k+1, (2fc+l)/) has Z(2fc+1)2 crossings, we have H'{D{2k+ 
1, (2fc + 1)/) = if i > l{2k + 1)2. Hence if i > 2k{k + l){n ~ I + I) + l{2k + 1)^ 
and n > I, oi i > l{2k + 1)^ and n < I, then we have 

H'{D"'{2k + l,{2k + l){n + f)+j)) = 

for j = 1, . . . ,2fc + 1 and TO = 0, . . . ,2A:. □ 

From Lemma 14. 3i we can prove Lemma 14.21 



Proof of Lemma 14.21 From Lemma 14. 3| we obtain 

max{i e Z\H'{D{2k, 2k{n + /))) 7^ 0} < 2k^{n + I). 

Hence we have 

max{i e Z| KR\K{2k, 2k{n + /))) ^ 0} < 2k^{n + I) - l^{2kf = 2k^{n + /). 

On the other hand, the dimension of Lee'^''^^"'^^'' {K{2k,2k{n + /))) is not zero. 
Indeed, the link K{2k, 2k{n + /)) has 2k components 5i, . . . , S2k, and the linking 
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number lk(S'Q, Sb) is n + / for a, & = 1, . . . , 2fc. From Proposition 12. 4|, we obtain 

dimq Lee2'='("+-^) {K{2k, 2k{n + /))) 

= 2|{B C {2,...,2fc} I J2 21k(5a,5fc) = 2fc2(n + /)}| 

beB,a(^B 

= 2|{B C {2,...,2fc} I \B\ X |{l,...,2fc}\B| =P}\ 
= 2|{B C {2,...,2fc} I \b\ ^k}\ 

'2k - r 



k 

2k 



^0. 

Since there is a spectral sequence whose i?oo-page is the Lee homology and E2- 
page is the Khovanov homology, we have KR'^''^^''+^\K{2k, 2k{n + /))) =^ 0. This 
implies that 

max{i e Z| K}i'{K{2k, 2k{n + /))) 7^ 0} = 2k^{n + /). 
Similarly we have 

max{i G Z\Kll\K{2k+l,{2k+l){n + f))) < 2k{k + l){n + f) + l+. 

On the other hand, the dimension of Lee^'=(''+^)("+^') (if (2fc + 1, {2k + l)(n + /))) 
is not zero. Indeed, the link K{2k + 1, {2k + l){n + /)) has 2k + 1 components 
Si, ... , S2k+i, and the linking number lk(S'a, St) is n + f for a.b — 1, ... ,2k + 1. 
From Proposition [2]4l we have 

dimq Lec2'=('=+i)("+^'(if (2fc + 1, {2k + l){n + /))) 

= 2|{Sc{2,...,2fc+l}| 2lk{Sa,Sb)^2k{k + l){n + f)}\ 

beB,a(^B 

= 2\{B C {2,. ..,2fc+ 1} I \b\ X \{l,...,2k}\B\ = k{k + l)}\ 
= 2|{Sc {2,...,2fc + l} I \b\ =k,k + l}\ 



k J \k + l 
_ 2k---{k+l) 2k---k 
" ^ fc! + (fc + 1)!^ 

_ (2fc + 2)(2A: + l)---(fc + 2) 
~ {k+Tjl 

This implies that 

2k{k + l){n + /) < max{i e Z| K}i\K{2k + 1, {2k + l){n + /))) ^ 0} 

< 2fc(fc + i)(n + /) + 



□ 
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We use Lemma 14.61 to prove Lemmas 14.81 and 14.91 

Lemma 4.6. Let K be a knot and D be a knot diagram with positive crossings 
and L negative crossings. Put 1 = 1^ + 1^ and f = l^—l^. For any positive integer 
k and any n > I, we have 

dimq KH2'='("+^)(if(2fc, 2k{n + f) - 1)) = dimq H^*'^'''"+^\D{2k, 2k{n + f) - 1)) 

= 0. 

Proof. We consider the following exact sequence: 

^^2fc^(„+i)-i(_gm(2fc,2fc(n+/-l)+j)) ^ ij2'='(«+0(i:)™-i(2fc,2fc(n+/-l)+j)) 
^ H^kHn+i)^jjm^2k,2k{n+f-l)+j)) i72/=^(«+/)(£,m(2/c,2fc(n+/-l)+j)) ^, 

where m = 1, . . . ,2k — 1, n > and j = 1, . . . , 2A: — 1. We use the following claim 
to study i/2fe"(n+i) (£)m-i (2^^ 2k{n + f - 1) + j)) and H^''^ (D™ {2k, 2k{n + f- 

Claim 4.7. If i > l{2kf + 2k^{n - I) - 2 and n > I we have H\E'^{2k,2k{n + 
/ — 1) + i)) = for any m = 1, ... ,2k — 1 and j = \, . . . ,2k ~ 1 . 

We will give a proof of Claim H771 in Section [51 

From Claim HTTl and the above exact sequence, if i > l{2k)'^ + 2k'^{n — I) — 1 and 
n > I, we have 

H\D'^^-\2k, 2k{n + f- 1) + .?)) = W{D'^{2k, 2k{n + f- 1) + .?)), 

where to = 1, . . . , 2fc — 1 and j = 1, . . . , 2fc — 1. In particular, if i = 2k^{n + I), 
m — I and j = 2fc — 1, wc obtain 

jj2k'in+i) ^jj^2k, 2k{n + f) - 1)) = ij2fc^(«+0 {D^{2k, 2k{n + / - 1) + 2fc - 1)) 

= i72fc'(«+0(£)i(2fc, 2k{n + / - 1) + 2fc - 1)). 

By repeating this process, we have 

iD^i2k, 2k{n + / - 1) + 2fc - 1)) 
{D'^{2k, 2k{n + / - 1) + 2fc - 1)) 

(D^fc-i (2fc, 2k{n + / - 1) + 2fc - 1)) 
{D^{2k, 2k{n + / - 1) + 2fc - 2)) 
iD^i2k, 2k{n + / - 1) + 2fc - 2)) 

p2fc-i(2fc,2fc(n + /-l) + l)) 
p(2fc,2/^(n + /-l))). 

From Lemma|121 we have _ff2fc^(n+0(£)(2fc, 2fc(n + / — 1))) =0. Hence we conclude 
^2fc^(«+0p(2fc,2fc(n + /) - 1)) = 0. 

□ 



jj2k {n+i)^j~,(^2k, 2k{n + /) - 1)) = i?2fc („+i 

_ jj2k^{n+l 

_ jj2k'^{n+l 
_ jj2k^{n+l 
_ jj2k^{n+l 

_ jj2k^{n+l 
__ TT2k^(n+l 
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By using Lemma 14.61 we will prove Lemmas 14.81 and 14.91 Lemma 14.81 is an 
extension of Lemma 13.31 



Lemma 4.8. Let K be a knot and D he a diagram of K with positive crossings 
and L negative crossings. Put Z = + Z_ and J = 1+ — Then for any positive 
integer k and any n > I, we have 

dimq KH^'^' (^(2fc, 2k{n + /))) = (^j^^ 

Proof. To prove this lemma, it is sufficient to prove the following: 

(4.5) dimQi?2'^'("+')(D^(2A:,2fc(n + /))) =2 (^^^ " * 

where < i < 2k — 1 (for convenience, we define [^) = 0if0<a<6). Indeed, if 



we put i = in (j4.5p . then we obtain 

dimq KH2'='("+^)(if(2fc, 2k{n + /))) = dimq H2fc'("+') {D°{2k, 2k{n + /))) 

2A:- 1 
k 

2k 
k 



To prove (j4.5p . we use induction on k. 
For k — 1, from Lemma 14.61 wc obtain 



dimq i/2fe'("+')(i:)i(2,2(n + /))) = dimq (D(2, 2(n + /) - 1)) = 0. 

Hence we have the following exact sequence: 

^ ^2(«+j)-i,j-i(£;i(2^ 2{n + /))) ^ i/2("+0j(£)(2, 2(n + /))) ^ 0. 

From the above exact sequence, we obtain 

dimq H^^"+''>^^ {0(2, 2{n + /))) < ^ dimq i72(»+')-ij-i(^i(2, 2(n + /))). 

Since the diagram E^{2, 2{n + /)) is equivalent to a diagram of the unknot and has 
2{n + I) — 1 negative crossings, we have 

dimq i/2(„+/)-ij-i(£,i(2^ 2{n + /))) = ^ dimq KH°'^ (C/) 

= 2, 

where U is the unknot. Hence we obtain 

^ dimq H2("+')j(i?(2,2(n + /)))< 2. 

On the other hand, the dimension of Lee^^"+^^(£)(2, 2(71 + /))) is 2. Indeed, 
D{2, 2{n + /)) has two components Si and 6*2, and the linking number lk(S'i, S2) 
is n + f. From Proposition [^Hl we have 

dimqLee2("+^)(^(2,2(n + /))) = 2|{Bc {2} I ^ 2 lk(5„ 5^) = 2(,i + /)}| 

= 2. 
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Since there is a spectral sequence whose i?oo-page is the Lee homology and i?2-page 
is the Khovanov homology, we have 

dimQi72("+')(i^(2,2(n + /)))> 2. 

Hence we obtain 

dimq ij2("+0p(2, 2(n + /))) = 2. 

Suppose that (|4.5p is true for 1, . . . , fc — 1, that is, suppose that for 1 < /i < fc, 
n > and i = 0, . . . , 2/i — 1 we have 

(4.6) dimQij2'''(«+')(i:)»(2/i,2/i(n + /))) =2(^'^^^^' 
We will show that (|4.5p is true for k. We have the following long exact sequence: 

(4.7) > ij2fe'(«+0-ij-i(^«+i(2fc, 2k{n + /))) ^ 

J(i:)»(2fc, 2k{n + /))) ^ ff2/c^("+')'^'(i:>'+i(2fc, 2fc(n + /))) ^ • • • . 



From the exact sequence (|4.7[) . we obtain 

^ dimq J (£)*(2fc, 2fc(n + /))) 

= ^ (dimq Im + dimq Im /]) 

j 

< Xl(dimq i72'='(«+0-iJ-i(^»+i(2fc, 2fc(n + /))) 

3 

+ dimq (2fc, 2A:(n + /))) 

< ^ dimq H^fe' (£:*+! (2/c, 2fc(n + /))) 

j 

+ ^(dimq Imyfi + dimq Im f.+') 
j 

< ■■■ < 

<^ ^ dimqi/2fe'(»+0-iJ-i(£;™(2fc,2A:(n + /))) 

j m— i+1 

+ dimq (i:i2fc-i (2/,^ 2fc(n + /))) 

2fe-l 

< dimqH2fc'("+0-i(£:™(2A;,2fc(n + /))) 

+ dimq i/2fc'("+0(£)(2/!c,2fc(n + /) - 1)). 

From LemmaHU we have dimq H'^k\n+i) (£)(2fc, 2A:(n + /)-!)) = 0. To compute 
dimq i/2fc'("+0-i(£;™(2A;,2fc(n + /))), we consider E"'{2k,2k{n + f)). 

Note that E'^{2k, 2k{n + /)) is equivalent to the diagram D'^-'^ {2k - 2, (2A: - 
2)(?i + /)) for TO > 2. We give E^^{2k,2k[n + /)) an orientation such that all 



24 



KEIJI TAGAMI 



crossings of D"'-'^{2k - 2, {2k - 2)(n + /)) are positive. Then £'™(2fc, 2k{n + /)) 
has Akn — 2n — 1 + 2(2fc — 1)1+ + ((2fc)^ — 2(2fc — negative crossings, where 

1+ and are the number of the positive and negative crossings of D, respectively. 
Hence for m > 2 we obtain 



dimq ij2fe'(«+0-i(^™(2fc, 2k{n + /))) 

= dimq iy2(fe-i)^(„+0(£,m-2(2fc _ 2, {2k - 2){n + /))) 



2fc — 1 — m 
k - 1 



Similarly, E'^{2k, 2k{n + f)) is equivalent to the diagram D{2k-2, (2fc-2)(n + /)) U 
O, where Q is a circle in the plane. We give E^{2k, 2k{n + /)) an orientation such 
that ah crossings of D(2fc - 2, {2k - 2) (n + /)) U Q are positive. Then {2k, 2k{n + 
/)) has Akn -2n-l + 2{2k - 1)1+ + {{2k)^ - 2{2k - l))l- negative crossings. Hence 
we obtain 



dimq ij2fc'(«+0-i(^™(2fc^ 2k{n + /))) 

= dimq ij-2(fc-i)^(«+0(£,m-2(2fc - 2, {2k - 2){n + /)) U Q) 
Hence we have 

(4.8) i/''''^"+'''^ p*(2fc, 2k{n + /))) 

i 

2k-l 

< J2 dimqij2fc'(«+0-i(^;'"(2fc,2fc(n + /))) 

m— -i+l 

+ dimq ij2fe'(»+0(7:»(2fc,2fc(n + /) - 1)) 
k - 1 



2 ' 2fc — 1 — m 



^2fc - 1 - i 
fc 



Finally we will prove that the inequality in (|4.8p is in fact an equality. At first, 
we consider the case where i ^ 0. The dimension of Lee^'' ^''+f\D{2k, 2k{n + /))) 
/2fc\ 

is ( ^ 1 . Indeed, D{2k, 2k{n + /)) has 2k components Si, ... , S2k, and the linking 
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number lk(S'Q, Sb) is n + / for a, 6 = 1, . . . , 2fc. From Proposition 12.41 we obtain 

dimq Lee2'='("+-^) {D{2k, 2k{n + /))) 

= 2|{S C {2,...,2fc} I J2 2HSa,Sb)^2k\n + f)}\ 

= 2\{B C {2,...,2fc} I \b\ X |{l,...,2fc}\B| = fc2}| 
= 2\{B C {2,...,2fc} I \b\ = k}\ 

2k 
k 

Since there is a spectral sequence whose -Eoo-page is the Lee homology and i?2-page 
is the Khovanov homology, we have 



= dimq Lee2'='("+/^ {D{2k, 2k{n + /))) 

< dimq KB^^^^'"+f\D{2k, 2k{n + /))) 

< dimq ii-2fe'(n+/) (D{2k, 2fc(n + /))) 

This implies that we have the equality in (|4.8p for i = 0. This fact implies that for 
any j G Z and m = 0, . . . , 2fc — 2, we obtain 

(4.9) dimq Im . gf = dimq (£:"+! (2fc,2A:(n + /))) 

(4.10) dimq Im /J" = dimq i/2fe'(»+/).J(i:)"+i(2/c,2fc(n + /))). 

From (|4.9p and (|4.10p . we have the equality in (|4.8p for i = 0, . . . , 2fc - 1. Hence we 
obtain 

dimq H^''^^''+f \DH2k, 2k{n + /))) = ^ dimq H^'^'^'^+f^'^ {D\2k, 2k{n + /))) 

j 

'2k - 1 - I 



□ 

Next we prove Lemma 14.91 

Lemma 4.9. Let K be a knot and D be a diagram of K with positive crossings 
and L negative crossings. Put Z = + Z_ and f = — . Then for any n > I, 
any positive integer k and i — 0, . . . ^ k, we have 

^jj2fc^(n+/),6fe^(n+/)-2^(^(2fc, 2A:(n + /))) =i 0. 

Proof. We use induction on k. In the case where fc = 1, we need to prove 

j^jj2(„+/),6(«+/)-i±i(^(2, 2{n + /))) ^ 0. 
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We have the exact sequence 

-> i72(«+/)-i,j-i(^i(2, 2(n + /))) ^ J(£»(2, 2{n + /))) 

^ ^2(«+0j(£,i(2,2(n + /))) . 

It follows from Lemma [4.61 that 

^2(n+0j(£,i(2,2(n + /))) = i72("+')j(£)(2,2(n + /) - 1)) = 0. 

The diagram E^{2,2{n + /)) is equivalent to a diagram of the unknot and has 
21 + 2n — 1 negative crossings and 21 positive crossings. Hence we have 

^2(„+0-l.J-l (2, 2(n + /))) = KH"-^'+1~2/-4« ^jj-^ 

_ JQ if j = 2; + 4n-l±l, 
1 otherwise. 

By LemmaSH we have dimq F2("+0(£)(2, 2(n + /))) = 2. From the above exact 
sequence, we have ir2("+0-i,J-i(^i(2, 2(n + /))) = i/2("+0j(£)(2, 2(n + /))) since 
dimQi/2("+0(i:)(2,2(n + /))) = 2 = dimq i/2("+0-i J-i (£;i (2, 2(n + /))). Hence 
we obtain 

j^jj2(n+/),6(n+/)-l±l^^(2, 2{n + /))) = ij2(n+0,2;+4«-l±l (^(3, 2{n + /))) 

^ ^2(n+0-l,2/+4„-2±l(^l(2^ 2(n + /))) 

= Q 



Suppose that Lemma [4.91 is true for 1, . . . , fc — 1, that is, suppose that for 1 < 
h < k, n > and i = 0, . . . ,h, we have 

(4.11) Y.ifh^'^n+f)..6hHn+f)-2^^^f^^J^^ 2/^(,^ + /))) ^ 0. 

From the proof of Lemma 14.81 we have 

dimq i/2fe'(»+')J(£)(2fc,2/c(n + /))) > dimq i/2fe'(»+')-iJ-i(£:i(2/c, 2fc(n + /))) 

+ dimq i/2fe'("+')"iJ"i(£:2(2A:, 2k{n + /))). 

The diagram E^{2k, 2k{n + f)) is equivalent to D{2k-2, (2A:-2)(n + /))uO, where 
O is a circle in the plane. We give E^{2k, 2k{n + /)) an orientation such that all 
crossings of r'(2fc - 2, {2k - 2) (n + /)) U Q are positive. Then E'^ (2k, 2k{n + /)) has 
2(2fc — l)(/+7i) — l+/-(2fc)^ negative crossings and (2A:)^^ + (2fc — l)2A;n— 1 crossings. 
Similarly, the diagram E'^{2k, 2k{n + f)) is equivalent to D{2k-2, {2k -2){n + f)). 
We give E^{2k, 2k{n + /)) an orientation such that all crossings of D{2k — 2, {2k — 
2){n + /)) are positive. Then E'^{2k, 2k{n + /)) has 2(2fc - 1)(/ + n) - 1 + l.{2kf 
negative crossings and (2fc)^/ + {2k — l)2kn — 2 crossings. 

Let 

• be the number of the positive crossings of D{2k, 2k{n + /)), 

• n_ be the number of the negative crossings of D{2k, 2k{n + /)), 

• n'_^ be the number of the positive crossings of E^{2k, 2k{n + /)), 

• n'_ be the number of the negative crossings of E^{2k, 2k{n + /)), 

• n" be the number of the positive crossings of E'^{2k, 2k{n + /)), 

• n" be the number of the negative crossings of E'^{2k, 2k{n + /)). 
From the above discussion, we have 
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• n+ = {2kfl+ + {2k - l)2kn, 

• n- = \2kfl-, 

• n'+ ^ {2kfl + {2k - \)2kn - 1 - n'_, 

• n'_ = 2{2k - !)(/ + n) - 1 + {2kfl_, 

• n"^_ = {2kfl + {2k - \)2kn - 2 - n'!_, 

• n"_ = 2{2k - !)(/ + n)-l + {2kfl^. 

Then we obtain 

diniQ Kipk'^n+f)Sk^{n+f)-2^^^JJ^2k, 2k{n + /))) 

= dimq i^2/c^(«+/)+«_,6fe^(«+/)-2^-„++2„_ ^jj^^k, 2k{n + /))) 

> dimq ij2'='("+/)+"--i'6'^-'("+/)-2^-«++2«_-i(£;i(2/j^2fc(n + /))) 

+ dimq H^kHn+f)+n^-l,ek'in+f)-2^-n++2n^-1^^2^2k, 2k{n + /))) 
= dimq YJl^k\n+^)+n^-l-n'_fik\n+f)-2^-n^+2n^-2n'_+n'^-l^J^^2^ _ _ ^^^^ ^ j^^ ^ 

+ dimq YJl^k\n+f)+n^-l-n'Lfik\n+f)-2r-n++2n^-2n'L+n'l-l^^j^^2j^ _ 2, {2k - 2){n + /))) 

= dimq }<^Y(^(k-lf(r^+f)Mk~l)\n+f)-2^+l^JJ^<2J^ _ ^ ^^k - 2){n + /)) U Q) 

+ dimq KH2(fe-i)'(«+/).6(fe-i)^(n+/)-2»(^(2fc - 2, {2k - 2){n + /))). 
Hence we have 

dimq Kifk^^n+f),6k^in+f)-2^^J^^2k, 2k{n + /))) 

> dimq KH^(fe-i)'(«+/)^6(fc-i)^(n+/)-2«+i^^(2fc - 2, {2k - 2){n + /)) U Q) 
+ dimq Kli■^ik-lf{n+f).6{k-lf{n+f)-2^f^JJ^2k - 2, (2fc - 2){n + /))). 

By the induction hypothesis (|4.1ip . the first term of the last expression is not zero 
for I = 1, . . . , fc, and the second term is not zero for i = 0, . . . ,k — l. This completes 
this proof. □ 

Remark 4.10. In general Lemma l4?6l is not true for {2k + 1, (2A: + l)ri)-cable links, 
that is, dimq KH^''(''+^)("+-^'^ (i:>(2fc + 1, (2fc + l)(n + /) - 1)) ^ even though n > I. 
A reason is that the maximal homological degree of the Khovanov homology of a 
{2k + 1, {2k + l)n)-cable link is not equal to that of the Lee homology of the link. 
Since we need Lemma l4?6l to prove Lemmas 14. 8l and [4.9[ we cannot obtain results for 
{2k + 1, (2fc + l)n)-cable links corresponding to these lemmas by the same methods. 

From Lemma 14.91 we obtain the following. 

Corollary 4.11. Let K be a positive knot and D be a positive diagram of K with I 
crossings. Then for any n > I and any positive integer k, the homological thickness 
\m{K{2k, 2k{n + I))) is greater than or equal to k{k — l)(ri + /) + 2 + ks{K), where 
s{K) is the Rasmussen invariant of K . 

Proof. By Lemma |4.9[ we have 

j^jj2fc^(„+0,6fc^(«+;)-2fc^_^(2fc, 2k{n + I))) ^ 0. 
Since D{2k, 2k{n + /)) is also positive diagram, from Theorem 13. 15) we obtain 

j^jj0,4/c^i+2fe„(2fe-l)-2fe.o(I5)+2(^(2fc, 2k{n + I))) ^ 0, 
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where so{D) is the number of Scifert chclcs of D. Hence 

hw{K{2k, 2k{n + I))) > k{k - l){n + I) + 2 + k{l + 1 ~ so{D)). 

It is known that the Rasmussen invariant s{K) of a positive knot K is l + l — so(-D), 
where D is a positive diagram of K with / crossings (see [13l Section 5.2]). Hence 
we obtain 

hw{K{2k, 2k{n + I))) > k{k - l){n + I) + 2 + k ■ s{K). 

□ 



Remark 4.12. Corollary 14. Ill is an extension of CoroUarv l3.5l From Theorem [3761 
if n is sufhciently large, the {2k, 2fcn)-cabling of any positive knot K has no diagram 
which is alternating after k{k — l)n + ks{K) — 1 or less crossing changes. 

5. An application for twisted Whitehead doubles 

In this section, we consider twisted Whitehead doubles of any knot and compute 
their Khovanov homologies. 

Let if be a knot. A twisted Whitehead double of K is represented by the diagram 
L{D,q) in Figure [11] where Z3 is a diagram of K and q is an integer. The right 
picture in Figure [T2l is a twisted Whitehead double of the left-handed trefoil. 

A cable link is obtained from a twisted Whitehead double of any knot by smooth- 
ing at a crossing. In Section [4] we give some computations of the Khovanov ho- 
mology groups of cable links. By applying these computations, we will calculate 
the Khovanov homology groups of a twisted Whitehead double of any knot with 
sufficiently many twists. Moreover we compute their Rasmussen invariants (Corol- 
lary [SiHl). 

Let I? be a knot diagram with 1+{D) positive crossings and 1-{D) negative 
crossings. Put I = 1+{D) + 1^{D) and / = 1+{D) - 1-{D). Let L{D,q) = i, 
and Li be knot diagrams depicted in Figure [TT| where g is a non-negative integer 
(for example, see Figure [12]) . In the case where q is negative, we define L{D,q) as 
the mirror image oi L(—D, ~q + 1), where —D is the mirror image of D. 

By the definition, we have 

H^'^iL,) = W-^'^-^D{2,q + 2f)), 

W'^{L^) = W-''^-\D{2,q^ 1 + 2/)). 

To study the Khovanov homology of L{D,q), we compute {D{2,q — 1 + 2/)) 
for some i and j. 

Lemma 5.1. For n > I + 1, we have 

-^'"'-'■'<-'"'-«-'»^{? :^:;^;:::L:, 

and for n > I and any i > 2{n + I) , we have 

H\D{2,2{n + f)-l)) = 0. 
Proof. We obtain the following exact sequence: 

^ ^2(«+/)-2j^^i^2, 2{n + /) - 1)) ^ iy2(«+;)-2j-i(^i(2^ 2{n + f) ^ 1)) ^ 
ij2("+0-iJ(£)(2, 2{n + /) - 1)) ^ ij2("+0-iJ(£)i(2, 2{n + f) - 1)) ^, 
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q crossings 



Figure 11. L{D,q) — L, Lq and Li, where q is non-negative. 




q crossings 



D L{D,q) 
Figure 12. An example of L{D, q). 



where E™{p,q) and D"^{p,q) are given in Figure IHl By Lemma [4. 2 1 we have 

^2(«+i)-i,ipi^2, 2{n + /) - 1)) = i/2(«+0-i.i(£»(2, 2{n + /) - 2)) 

= 0. 
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The diagram E^{2, 2{n + /) — 1) is a diagram of the unknot and has 21 + 2n — 2 
negative crossings and 21 positive crossings. Hence we have 



Q if j = 2/ + 4n - 3 ± 1, 
otherwise. 



i?2("+')-2j-i(^i(2^ 2{n + /) - 1)) = 
By Lemmas 14.91 and I4.8[ we obtain 

_^2(„+0-2j^^(2, 2{n + /) - 2)) = 
From the above exact sequence, we have 

^2(„+0-i,. (,,(2, 2{n + /) - 1)) = |Q iij=2l + An- 2, 

^ ^ ^ ^ ' " [0 if j/2? + 4n-3±l. 

The second claim follows from Lemmas 14.61 and 14.21 □ 



Q if j = 2? + 4n-5±l, 
otherwise. 



By using Lemma 15.11 we can compute some Khovanov homology groups of 
L{D,q). 

Proposition 5.2. Let D he a knot diagram with 1+{D) positive crossings and 1-{D) 
negative crossings. Put I — 1+{D) + l-(D). Let n be an integer which is greater 
than I. 

(I) In the case where q = 2n, we have 



KR"^^{LiD,q)) = 
(II) In the case where q = 2n + I, we have 



Q z/.? = -2±l, 
otherwise. 



Proof. Put / = 1+{D) - 1^{D). 
(I) In the case where q = 2n. 

From LemmalMl we obtain dimq iJ^Cn+O (-£)(2, 2{f+n))) = 2. From LemmalMl 
we have iy2(n+o,4n+2i-i±ip^2, 2(/ + n))) ^ 0. Hence we obtain 

i72(«+0+ij(i^) = ij2(n+0 J-2p(2, 2(/ + n))) 

_ Jq if j = 4n + 2Z + l±l, 
1 otherwise. 

From Lemma EH we obtain H'^^Lq) = H'-^'^^^{D{2,2{f + n) - 1)) = if i > 
2{n + I). Now there is the following exact sequence. 

^ if2(n+0 + lj(i„) ^ ^2(n+0 + lj-l(2,^) ^ Jj2(n+l)+2^j ^ ^2(n+0+2,J (^q) ^. 

Since i72(«+0+i J (^q) = i72(n+0+2j (^.g) = 0, we have 

^2(„+0+2,,(^)^ /Q if J-4ri + 2/ + 2±l, 
I otherwise . 
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The diagram L — L{D, 2n) has 2n + 2 + 21 negative crossings and 21 positive 
crossings. By the definition, we obtain 



Kll°'^{L{D,q)) 



Q ifj = -2±l, 
otherwise. 



(II) In the case where q = 2n + 1. 

We can proof this by the same method as (I). It fohows from Lemmas 14.21 and 
[511 that 

= ij2(„+o+ij-2p^2, 2/ + 2n + 1)) 

_('q ifj = 4n + 2/ + 4, 
^ [O if j 7^4n + 2/ + 3±l, 

and H^'^{Lo) = W-^'^-^{D{2, 2/ + 2n)) = if i > 2{n + /) + !. Now we have the 
following exact sequence: 

^2(„+0+2j(2,„) ^ ^2(„+i)+2j-l(2,^) ^ i72(«+0+3j(2,) ^ ij2(n+0+3j(ip). 

Since i/2(«+0+2j (^.g) = H^(^+^)+^'^ (Lq) = 0, we obtain 

_ Jq ifj = 4n + 2/ + 5, 
^ |o if jV4n + 2/ + 4±l. 

The diagram L — L{D,2n + l) has 2n + 1 + 21 negative crossings and 2 + 2/ positive 
crossings. By the definition we have 



^0 ifjV5,3. 

□ 



Corollary 5.3. Let D be a knot diagram with 1+{D) positive crossings and 1-{D) 
negative crossings. Put I — 1+{D) + 1-{D). Let n be an integer which is greater 
than I. Then we have s{L{D,2n)) = —2, where s(K) is the Rasmussen invariant 
of a knot K . 

Proof. From Theorem l2.41 we have dimq Lee''(L(D, 2n)) = 2. Let Smax and Smin be 
its generators. Assume that the g-grading of Smax is greater than that of Smin- From 
the definition of the Rasmussen invariant, the q-grading of Smax is s{L{D, 2n)) + 1 
and that of Smin is s{L{D, 2n)) — 1. Since there is a spectral sequence whose Eoo- 
page is the Lee homology and i?2-page is the Khovanov homology, we have 

From Proposition [5?2] (I), we have s{L{D,2n)) — —2. □ 



In [12] Livingston and Naik showed Theorem 15.61 below, which gives a relation 
between the values of the Rasmussen invariants of L{D, 2t) and L{D, 2t + 1). 

Definition 5.4. We call an invariant v of a. Livingston-Naik type if v is an integer- 
valued additive knot invariant which bounds the smooth 4-genus of a knot and 
coincides with the 4-ball genera of positive torus knots, that is, 

• V is a, homomorphism from the smooth knot concordance group C to Z, 
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• < SliiK), where g4:{K) is the 4-genus of a knot K, 

• v{Tp^q) = {p — l){q — l)/2, where p and q are coprime integers. 

Remark 5.5. For example the Ozsvath-Szabo invariant r and a hah of the Ras- 
mussen invariant s/2 are Livingston- Naik type invariants. 

Theorem 5.6 ( |121 Theorem 1]). Let v be a Livingston- Naik type invariant. If 
v{L{D, 2t)) = ±1, then v{L{D, 2t + 1)) ^ 0. 

Remark 5.7. In their paper, Livingston and Naik use the notation D^{K,t) and 
D+{K, t) instead of L{D, 2t - 2/) and L{D, 2t + I - 2f) respectively. 

Theorem IS . 6l does not determine the value of the Rasmussen invariant of a twisted 
Whitehead double of a knot. From Theorem IS. 6l and Corollarv l5.3[ we can compute 
the Rasmussen invariants of twisted Whitehead doubles of any knot with sufficiently 
many twists. 

Corollary 5.8. For any n > I, we have 

s{L{D,2n)) = -2, 

s{L{D,2n + l)) = 0, 

s{L{D,-2nj)={), 

s{L{D,-2n + l)) = 2. 

Proof. Let —D be the mirror image of the diagram D. From Proposition 15. 2[ we 
have s{L{D, 2n)) = —2. Since L{D, —2n + 1) and the mirror image of L{—D, 2n) 
are diagrams of the same knot, we obtain s{L{D, —2n + 1)) = —s{L{—D,2n)). 
Since we can apply Proposition 15.21 to L{—D,2n), we have s{L{D,—2n + 1)) = 
-s{L{-D,2n)) = 2. 

It follows from Theorem [SH that s{L{D, 2n + 1)) = = s{L{-D, 2n + l)). Since 
L{D, —2n) and the mirror image of L{—D, 2n + 1) are diagrams of the same knot, 
we have sIl{D, -2n)) = 0. □ 

We can rewrite Corollarv l5.8l as follows. 

Corollary 5.9. For any knot K, we have s{D+{K,t)) = for t > 
21+{K) and s{D+{K,t)) = 2 for t < -2L(X), where 1+{K) = 
min{Z_|_(D)|_D is a diagram of K} and 1-{K) = mm{l_[D)\D is a diagram of K} 
(see Figure [75]) . 

s{D+{K,t)) 



2 








Figure 13. s{D+{K,t)). 
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Remark 5.10. Note that we use a relation between the Khovanov homology and 
the Rasmussen invariant s in Corollary 15.91 (or Corollary 15. 8p . We do not know 
whether another Livingston-Naik type invariant satisfies Corollarv l5.9l or not. 

We only compute the Khovanov homology groups of a twisted Whitehead dou- 
ble of any knot with sufficiently many twists. Since the Rasmussen invariant s 
is obtained from the Lee homology, the estimation in Corollary 15.91 may not be 
sharp. Livingston and Naik 12 showed the following theorem which is similar to 
Corollary EH 

Theorem 5.11 ( |12i Theorem 2]). Let v be a Livingston-Naik type invariant. For 
each knot K, we have v{D+{K,t)) = 1 for t < TB(i^r) and v{D+{K,t)) = for 
t > — TB(— JiT), where TJi{K) is the maximal Thurston- Bennequin number of a 
knot K and ~K is the mirror image of K. 



v{D+{K,t)] 
A 




TB{K) t{K,i.) -TB[-K) 



Figure 14. v{D+{K,t)). 




2l.{K)-l t{K,s/2) 21+{K) 



Figure 15. s{D+{K,t))/2. 



Remark 5.12. For any Livingston-Naik type invariant v and knot K, Liv- 
ingston and Naik show that i'{D+{K,t)) is a non-increasing function of t. Hence, 
there exists an integer t{K,v) such that v{D+{K,t)) — 1 ioi t < t{K,v) and 
v{D+{K,t)) = for i > t{K,v) (see [H Theorem 2]). 

From Theorem l5.111 for any Livingston-Naik type invariant i/, we have TB{K) < 
t{K,v) < -TB{-K) (Figure fn]). In particular, we obtain 
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TB{K) < t{K,s/2) < -TB{-K). 
From Corollarv l5.91 we have 

-21-{K) - 1 < t{K, s/2) < 21+{K). 

See also Figure [131 As far as the author knows, there is no relation between the 
maximal Thurston-Bennequin number and the positive or negative crossing number. 
However they have a similar property as above. 

For the Ozsvath-Szabo invariant r, it is known that t{K,T) = 2t(K) — 1 (see 
Theorem 15.141 below) . 

Example 5.13. For the right-handed trefoil T2.3, we have L(T2,3) = 0, 
;+(T2,3) 3, TB(T2.3) = 1 and TB(-T2.3) -6. From Theorem [Oil we have 
s(D+'(r2,3,i)) = 2 for t < 1 and s{D+iT2^3,t)) = for t > 6. From CorollaryEH 
we have 's{D+{T2,3,t)) = 2 for t < 1 and s{D+{T2,3,t)) = for t > 7. Hence, in 
this case, Theorem 15 . 1 1 1 implies Corollarv l5.9l However, in general, we do not know 
whether Theorem 15.111 implies Corollarv l5.9l or not. 

Theorem 5.14 (O Theorem 1.4]). For any knot K , we have 

'0 ift>2T{K)~l, 



TiD+{K,t)) = 



1 ift<2T{K)-l. 



Remark 5.15. The negative half of the knot signature —a/2 is not of a Livingston- 
Naik type since —a{Tp^q)/2 is not equal to {p — l){q — l)/2. However it has similar 
properties. We call such an invariant of a weak Livingston-Naik type (see Defini- 
tion 15.161 below) . 

Definition 5.16. We call an invariant ly' of a weak Livingston-Naik type if i/' is an 
integer- valued additive knot invariant which bounds the smooth 4-genus of a knot 
and coincides with the 4-ball genus of right-handed trefoil knot, that is, 

• i^' is a homomorphism from the smooth knot concordance group C to Z, 

• \i''{K)\ < g4{K), where 54 (i^) is the 4-genus of a knot K, 

• ^^'(^2,3) = 1- 

Remark 5.17. In T], Abe calls the properties in Definition 15.161 the L-property. 

Remark 5.18. For any Livingston-Naik type invariant v, we only use the proper- 
ties in Definition 15.161 to prove that v{D^{K,t)) is a non-increasing function of t. 
Hence, for any weak Livingston-Naik type invariant v' and knot v' {D+{K,t)) 
is a non-increasing function of t and there exists an integer t{K, v') such that 
y'{D+{K,t)) = 1 for t < t{K,v') and v'{D+{K,t)) = for t > t{K,v') (see [HI 
Theorem 2] and [TTJ Corollary 3]). In particular, the negative half of the knot 
signature cr is of a weak Livingston-Naik type and t{K, —ct/2) — 0. 

6. Appendix 

In this section, we prove Claims l4^ 14.51 and 14.71 and Lemma [3. Ill 

Proof of Claim WM To prove Claim WM we consider the diagram E"'-{2k,2k{n + 
f) + j). If we slide an arc (which is like a "cap" illustrated in the following figures) 
of E"^{2k, 2k{n + f) + j), the diagram i?™(2fc, 2k{n + f) + j) may change to one of 
the four diagrams depicted in Figures [HI [HI [18] and [11 If E"" {2k, 2k[n + f) + j) 
changes to the diagram depicted in Figure [T8j then we continue the isotopic moves 
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as depicted in Figure[20l Similarly, if E"^{2k, 2k{n + f) +j) changes to the diagram 
depicted in Figure [TH then we continue the isotopic moves as depicted in Figure [2T] 
No matter in which of the four cases, there are an h € {1, ... ,2k — 2x}, an a; G 
{1, . . . , fc}, an s e {1, . . . , 2fc - 2x - 1} and an £ G {0, 1} such that E"'{2k, 2k{n + 
f) + j) is equivalent to D^{2k — 2x, {2k — 2x){n + f) + h) U 11^, where Uq is a circle 
in the plane and Ui is the empty set. We give E™{2k, 2k(n + /) + j) an orientation 
such that all crossings of D^{2k — 2x, {2k — 2x){n + /) + /i) U [4 are positive. We 
call the diagram E™{2k, 2k{n + f) + j) is of typc-1, typc-2, type-3 and type-4 if it 
changes to the positive diagram as in Figures [T71 [2D] and [HI respectively. 



Dok 



2k,2kn+j-l 



Slide this arc 



D2k-2,{2k-2)n+j' 















D2k-2x,(2k-1x)n+h-l 



Figure 16. The diagram E"^{2k, 2k{n + /) + j) can be changed 
to a positive diagram D^{2k — 2x, {2k — 2x){n+f)-\-h)UUe (type-1). 

Now we have supposed that for 1 < g < k, j — 1, . . . ,2g and m = 0, . . . , 2g — 1 
we have i?*(D"(2g, 2g{n + f) + j)) = if i > 2g^{n -/ + !) + l{2g)^ and n > I, 
or i > l{2g)'^ and n < I (recall the induction hypothesis in the proof of Lemma l473l 
(1)). From this induction hypothesis, if i — n_ + l-{2k — 2x)'^ > 2{k — x)'^{n — I + 
1) + l{2k - 2xf and n > /, or i - n_ + l-(2k - 2xf > l{2k - 2xf and n < then 
we have 

i/Xi?™(2A:,2fc(n + /)+j)) 

= Kff""- {D'{2k - 2x, {2k - 2x){n + /) + /i) U U^) 

^ jjt-n^+u(2k~2xf^jjs^2k - 2x, {2k - 2x){n + f) + h)U Ue) 
= 0, 

where n_ is the number of the negative crossings of E"^{2k, 2k{n + /) + j). Hence, 
to prove Claim [mi it is sufficient to prove the following: 

(6.1) l{2kf + 2k^{n - I + 1) - 1 > 2{k - xf{n - I + 1) 

+ l+{2k-2xf {n>l), 

(6.2) l{2kf - 1 > l+{2k - 2xf + {n<l). 
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D 



2k,2kn+j-l 



Slide this arc 



D 



2fc-2,(2fc-2)n+j' 















D2k-2x,(2k-2x)n+h-l 



Figure 17. The diagram i?™(2fc, 2k{n + /) + j) can be changed 
to a positive diagram D^{2k — 2x^ {2k — 2x){n+f ) + h)UUi; (type-2). 



D2k,2kn+j-l 



m = 



Slide this arc 



D 



2k-2,{2k-2)n+j' 



D2k- 2x ^{2k—2x)n-\-h 



Figure 18. The diagram iJ™(2fc, 2k{n + /) + j) can be changed 
to a diagram (type-3). 



To prove (16. ip and (|6.2I) . we need to count the number of the negative crossings of 
i?™(2fc, 2k{n + f) + j). We first count its positive crossings by dividing it into four 
parts, part-1, part-2, part-3 and part-4 (see Figure [22|) . 

[Step 1] In the case where E™{2k, 2k{n + /) + j) is either type-1 or type-2. In 
part-1, we apply J2i=oiK'^k - 2i) + l{2k - 2i - 2)) RII moves to E"'{2k, 2k{n + 
f) + j) to obtain the diagram D''{2k - 2x, (2k - 2x){n + f) + h) U U^. Then 
E"'{2k, 2k{n + f) + j) loses YJl=oiK'^k ^ 2i) + ^(2fc - 2i - 2)) positive crossings. 
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D 



2k,2kn+j-l 



Slide this 



D 



2fc-2,(2fc-2)n+j' 





■■■■■ r 








D2k-2x,{2k-2x)n+h-l 



Figure 19. The diagram E"^{2k,2k{n + f) + j) can be changed 
to a diagram (type-4). 



Moreover, D^{2k-2x, {2k — 2x){n + f) + h)UUe has l+(2k — 2x)^ positive crossings 
in a part corresponding to part-1. Hence, in part-1, E"^{2k, 2k{n + /) + j) has 

x-l 

^{l{2k - 2i) + l{2k -2i- 2)) + l+{2k - 2xf 

i=0 

positive crossings. 

In part-2, E"^{2k,2k{n + f) + j) has x arcs directed upward and 2k — x arcs 
directed downward (see Figure !^ . Hence, in part-2, i?™(2fc, 2k{n + /) + j) has 

x{x - l)n + {2k - x){2k - x - l)n 

positive crossings. 

In part 3, E'^{2k, 2k{n + /) + j) has at least 

2fc — m — 1 — a; 

positive crossings (see Figure IM)) . 

In part-4, note that there are x arcs directed upward and 2k — x arcs directed 
downward. Assume that h is the number of the positions where the left most arc 
is directed upward and that a is the number of the positions where the left most 
arc is directed downward (see Figure [25]) . Note that a + h = j — \ and that b < x. 
Then, in part-4, £;™(2A:, 2k{n + f) + j) has 

b{x - 1) + a{2k -x-l) = b{x-l) + {j -1- b){2k -x-l) 

positive crossings. 
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X, 



D2k-2x, {2k-2x)n+h 




D2k-2x,(2k-2x)n-\-h-l 



slide this block 




Turn 180° 
on the plane 




l-y+u^xz-sizYxz-^Zfj 




Figure 20. The diagram £""(2fc, 2k{n + /) + j) can be changed 
to a positive diagram D^{2k-2x, {2k-2x){n+f)+h)UUs (type-3). 



Hence the diagram E"'-{2k,2k{n + /) + j) has at least Xi positive crossings, 
where 

Xi = ^(/(2fc - 2i) + l{2k -2i- 2)) + l+{2k - 2xf 

+ ,t(.t - l)n + (2fc -x){2k-x- l)n 

+ 2fc — 1 — TO — x 

+ h{x - 1) + (j - 1 - h){2k -X- 1). 

From the above discussion E"^{2k, 2k(n + f) + j) has at most X^ negative crossings, 
where 

X2 = l{2kf + {2k - l)(2fcn + j)-m- Xi. 
Then for j ^ 2k we can check the following. 
l{2kf + 2fc^(n - Z + 1) - 1 > 2(A; - xf{n -/ + !) + l+{2k - 2xf + X2 (n > I), 
l{2kf - 1 > l+{2k - 2xf + X2 (n< I). 
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~1 



2k-2x,(2k-2x)n+h-l 



(2k—2x)n.-\-h — \ 



'de this block 




Turn 180"= 
on the plane 



l-i{+u{xz-iizyxz-^ZQ 



Figure 21. The diagram i?™(2fc, 2k{n + /) + j) can be changed 
to D''{2k - 2x, {2k - 2x){n + f) + h)UUe (type-4). 



Indeed, we can compute l{2k)'^ + 2k'^{n-l + l)-l-{2{k~x)'^{n-l + l) + l+{2k- 
2xf+X2) = 2{k-x){x-b)+x{2k-j)-l. We ohta,iii2{k-x){x-b)+x{2k-j)-l > 
since < j < 2fc, 6 < x < fc and x > 1. Similarly l+{2k - 2x)'^ + X2 < l{2kf - 1 for 
j ^ 2k. This implies that jSH]) and are true if j 7^ 2k and E"'{2k, 2k{n+f)+j) 
is either type-1 or type-2. 

Finally we consider the case where j = 2k. If j = 2k, then x — 1 and 
i;"(2fc, 2k{n+f)+j) has n_ = 2(2A;-l)(n+l)-l+2/+(2/j-l)+?_((2fc)2-2(2fc-l)) 
negative crossings. In this case we have l+{2k — 2)^ + 2{k — l)^(n — Z + 1) + n_ = 
l{2k)'^ + 2P{n - / + 1) - 1. Similarly, in this case, we obtain l{2k)^ — 1 > 
l^{2k — 2xY + n_ for n < I. These imply that (|6.ip and (|6.2I) are true for j = 2k. 

[Step 2] In the case where E'^{2k, 2k{n + /) + j) is either type-3 or type-4. 

By the same discussion, in part-1, E™'{2k, 2k{n + /) + j) has 



^{l{2k - 2i) + l{2k - 2i - 2)) + l+{2k - 2xf 



1=0 



positive crossings. 
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part- 1 




D 



part- 3 



D2k,j-i lpart-4 



D2k,2kn ^part-2 



Figure 22. The diagram i?"'(2fc, 2k{n + /) + j) divided into four parts. 



ill 



D 



2k,2kn 



\ XX 

x2k — X 



Figure 23. If E"'{2k,2k{n + /) + j) is either type-1 or type-2, 
in part-2, i?'"(2fc, 2k{n + f) + j) has x arcs directed upward and 
2k — X arcs directed downward. 



2k 



m 



I XX and | x (2k - m - x - 1) 

Figure 24. If E"^{2k, 2k{n + f )+j) is either type-1 or type-2, in 
part-3, E™'{2k, 2k{n + /) + j) has at least 2fc — to — 1 — a; positive 
crossings. This figure is a minimal case. 

In part-2, £'™(2fc, 2fc(n + /) + j) has 2k ~ x arcs directed upward and x arcs 
directed downward (see Figure [26)) . Hence, in part-2, E"^{2k, 2k{n + /) + j) has 



x{x - l)n + {2k - x){2k - x ~ l)n 



positive crossings. 
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t XX and | x{2k ■ 



• • • 



f ^/ 



D2k,j-1 



xa 



xb 



Figure 25. In the case where the diagram E'^{2k, 2k{n + /) + j) 
is type-1 or type-2. In part-4, E"^{2k, 2k{n + f) + j) has x arcs 
directed upward and 2k — x arcs directed downward. The number 
of the positions where the left most arc is directed upward is b. 
The number of the positions where the left most arc is directed 
downward is a. 



tu • • • lUt 

D2k.2kn 



X .3/ 
XX 



Figure 26. If E"^{2k, 2k{n + f)+j) is either type-3 or type-4, in 
part-2, E"^{2k,2k{n + f) + j) has 2k — x arcs directed upward and 
X arcs directed downward. 



In part-3, E"^{2k, 2k{n + /) + j) may have no positive crossing. 

In part-4, note that there are 2k — x arcs directed upward and x arcs directed 
downward. Assume that a is the number of the positions where the left most arc is 
directed upward and that b is the number of the positions where the left most arc 
is directed downward (see Figure [27| . Note that a + & = j — 1 and that b < x (we 
have b ^ X since in part-4 the left most bottom arc is directed downward ). Then, 
in part-4, E"'{2k, 2k{n + /) + j) has 

b{x - 1) + a{2k - X ~ 1) = b{x - 1) + {j - 1 - b){2k - X - 1) 

positive crossings. 

Hence the diagram E"^{2k,2k{n + /) + j) has at least X[ positive crossings, 
where 

X[ = '^{l{2k - 2i) + l(2k -2i- 2)) + l+(2k - 2xf 

i=0 

+ x{x - l)n + {2k - x){2k ~ x - l)n 
+ b{x + -1- b){2k ~x-l). 
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I x2k — X and I xx 



• • • 



D2k.j-1 



• • • 



This arc is definitely 
directed downward 



/ / / 
(a + b = j-l) 



xb 



xa 



Figure 27. In the case where the diagram i?™(2fc, 2k{n + f)+j) is 
type-3 or type-4. In part-4, E"^{2k, 2k{n + /) + j) has 2k - x arcs 
directed upward and x arcs directed downward. The number of 
the positions where the left most arc is directed upward is a. The 
number of the positions where the left most arc is directed down- 
ward is b. The left most bottom arc is directed downward since we 
give _E™(2fc, 2k{n + f)+j) such an orientation, (see Figures [20l [2T] 
or nil). 



From the above discussion, E™{2k, 2k{n+ f)+j) has at most X2 negative crossings, 
where 

X!^ = l{2k)^ + {2k - l)(2fcn + j) - m - X[. 

Then for j ^ 2k we can also check the following. 

l{2kf + 2k^{n - I + 1) - 1 > 2{k - xf{n - I + 1) + l+{2k - 2xf + ^3 (n > I), 

l{2kf - l>l+{2k- 2xf + (n < 0- 

Indeed, we can compute l(2'kf + 2k^{n-l + \) - 1 - (2(fc - x)2(n - ? + 1) + ?+(2A: - 
2xf + X'^ ^2{k- x){x-b-\)^ x{2k - j - 1) + m. We obtain 2(fc -x){x-b- 
1) + x{2k — j — l)+m>m>Q since we have < j < 2fc, b < x < k and a; > 1. 
Similarly ;+(2fc - 2x)^ + ^2 < K'^kf - 1. 
From Steps 1 and 2, we finish this proof. 

□ 

Proof of Claim 14.51 The proof of Claim 14.51 is the same as that of Claim 14.41 

By the same discussion, there are an h G {l,...,2fc + l — 2a::}, an a; G {1, . . . , fc}, 
an s G {l,...,2fc-2a;} and an e G {0,1} such that E"'{2k + 1, {2k + l){n + f) + j) 
is equivalent to D^{2k + 1 — 2x, {2k + 1 — 2a;) (rt + f) + h)UU^, where Uo is a circle 
in the plane and Ux is the empty set. We give i?'"(2fc + 1, {2k + l)(n + /) + j) an 
orientation such that all crossings of D^{2k + 1 — 2a;, {2k + 1 — 2a;) (n + /) + /i) U C/j 
are positive. 

Now we have supposed that for 1 < g < fc, j = 1, . . . , 2^ + 1 and m — 0, . . . ,2g 
wehaveiJ^(£)™(2g + l,(25 + l)(n + /)+j)) = Oifi > 2g{g + l){n-l + l) + l{2g + l)^ 
and n > I, or i > l{2g + 1)^ and n < I (recall the induction hypothesis in the proof 
of Lemma [43l (2)). From this induction hypothesis, if i — n_ + Z_ {2k + 1 — 2a;)^ > 
2(A;-a;)(fc-a; + l)(n-/ + l) + /(2fc+l-2a;)2 and n > /, or i-n_ + l_{2k+l~2xf > 
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l{2k + 1 — 2x)'^ and n < I, then we have 
H\E"'{2k + 1, {2k + l)(n + /) + j)) 

= KH'""- {D'{2k + l- 2x,{2k + l- 2x){n + f) + h) U U,) 

^ ^,-„_+i_(2fc+i-2:r)^ps(2fc + 1 - 2a;, (2fc + 1 - 2x){n + f) + h) U U^) 

where n_ is the number of the negative crossings of i?™(2A; + l, (2fc + l)(n + /)+j). 
Hence, to prove Claim l4?5l it is sufficient to prove the foUowing: 

(6.3) l{2k + if + 2k{k + l)(n - ; + 1) - 1 > 2(fc - x){k + 1 - x){n -l + l) 

+ l+{2k + l-2xf {n>l), 

(6.4) l{2k + lf ~l>l+{2k + l-2xf +n- {n<l). 

To prove (|6.3p and (|6.4p . we need to count the number of the negative crossings of 
£^™(2fc + 1, {2k + l)(n + /) + j). We first count its positive crossings by dividing it 
into four parts as the proof of Claim 14.41 

[Step 1] In the case where E"^{2k + 1, {2k + l){n + f) + j) is either type-1 or 
type- 2. 

In part-1, we apply J2t=oiK'^f^ + l-2i) + l{2k -2i- 1)) RII moves to E"'{2k + 
1, (2fc+l)(n+/)+j) to obtain the diagram D-'(2fc+l-2a;, (2fc+l-2a;)(n+/)+/i)UC/e. 
Then E"'{2k + 1, {2k + l){n + f) + j) loses Yll^oW^k + 1 - 2i) + l{2k - 2i - 1)) 
positive crossings. Moreover D^{2k + 1 — 2x, {2k + 1 — 2x){n + f) + h) Li 1/^ has 
lj^{2k + 1 — 2xf positive crossings in a part corresponding to part-1. Hence in 
part-1, E'^{2k + 1, {2k + l){n + /) + j) has 

^(/(2fc + 1 - 2i) + l{2k -2i- 1)) + l+{2k + 1 - 2xf 

1=0 

positive crossings. 

In part-2, E"'{2k+1, {2k+l){n+ f)+j) has x arcs directed upward and 2fc-|-l — 2; 
arcs directed downward (cf. Figure Hence, in part-2, E™{2k + 1, {2k + l){n + 
f)+j) has 

x{x - l)n +{2k + l- x){2k - x)n 

positive crossings. 

In part 3, E"'{2k + 1, {2k + l)(n + /) + j) has at least 

2k — m — X 

positive crossings (cf. Figure [M]). 

In part-4, note that there are x arcs directed upward and 2k + l — x arcs directed 
downward. Assume that b is the number of the positions where the left most arc 
is directed upward and that a is the number of the positions where the left most 
arc is directed downward (cf. Figure [25]) . Note that a + b = j — 1 and that b < x. 
Then, in part-4, E"'{2k + 1, {2k + l){n + f) + j) has 



b{x - 1) + a{2k -x)= b{x - 1) + (j - 1 - b){2k - x) 
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positive crossings. 

Hence the diagram E"^{2k + 1, {2k + l)(n + /) + j) has at least Yi positive 
crossings, where 

Yi = ^(?(2fc + l-2i) + l{2k ~2i- 1)) +l+{2k+l- 2xf 

+ x{x - l)n + (2A: + 1 - x){2k - x)n 
+ 2k — m — X 

+ b{x-l) + {j -l-b){2k-x). 

From the above discussion, E"^{2k + 1, {2k+ l){n + f) +j) has at most Y2 negative 
crossings, where 

Y2 = l{2k + lf + 2k{{2k + l)n + j) -m-Yi. 
Then for j ^ 2fc + 1 we can check the foUowing. 

l{2k + 1)2 + 2k{k + - I + 1) - 1 > 2{k - x){k - X + l)(n - / + 1) 

+ l+{2k+l- 2xf + 1^2 (n > 0> 
l(2k + 1)2 - 1 > ;+(2fc + 1 - 2xf + Fa (n < 0- 

Indeed, we can compute /(2A;+l)2+2fc(A:+l)(n-/+l)-l-(2(fc-a;)(A:-a;+l)(n- 
l + \) + l+{2k + \-2xf + Y2) 2(k-x)(x-h)^x{2k^\-i)-\^x-h. We obtain 
2{k-x){x-h) + x{2k + \~^)-\ + x-h > since we have <j< 2k+l, b<x <k 
and a; > 1. Similarly l+{2k + 1 - 2xf + i^j < K^k + 1)^-1 for j ^ 2k + 1. This 
implies that jO]) and are true if j 2fc+l and £:'"(2fc+ 1, (2fc+ l)(ra + /) + j) 
is either type-1 or type-2. 

Finally we consider the case where j — 2k + 1. It j = 2k + 1 then x = 1 and 
E"^{2k + 1, {2k + l)(n + /) + j) has n_ = 4fc(n + 1) - 1 + Al+k + l^{{2k + 1)^ - 4fc) 
negative crossings. In this case we have l^{2k — 1)^ + 2k{k — l)(n — / + 1) + 
n_ = l{2k + 1)2 + 2k{k + l){n — I + I) — 1. Similarly, in this case, we obtain 
l{2k + 1)2 - 1 > l+{2k + 1 - 22;)2 + n_ for n < I. These imply that (US]) and (lO)) 
are true for = 2fc + 1. 

[Step 2] In the case where E"^{2k + 1, (2fc + l)(n + /) + j) is either type-3 or 
type-4: 

By the same discussion, in part-1, i?™(2fc + 1, {2k + l)(n + /) + j) has 

x-l 

^(/(2fc + 1 - 2i) + ?(2fc - 2i - 1)) + l+{2k + 1 - 2a;)2 

i=0 

positive crossings. 

In part-2, E"^{2k + 1, (2fc + l)(n + /) + j) has 2fc + 1 - x arcs directed upward 
and X arcs directed downward (cf. Figure[26l)- Hence, in part-2, E™{2k + 1, {2k + 
!)(" + /) +j) has 

x{x - l)n + (2fc + 1 - x){2k - x)n 

positive crossings. 

In part-3, E™{2k + 1, {2k + l)(n + /) + j) may have no positive crossing. 
In part-4, note that there are 2fc + 1 — a: arcs directed upward and x arcs directed 
downward. Assume that a is the number of the positions where the left most arc is 
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directed upward and that b is the number of the positions where the left most arc 
is directed downward (cf. Figure [27|). Note that a + b = j — 1 and that b < x (we 
have b ^ X since in part-4 the left most bottom arc is directed downward ). Then, 
in part-4, E"'{2k + 1, {2k + l)(n + /) + j) has 

b{x - 1) + a{2k -x) = b{x - 1) + (j - 1 - b){2k - x) 

positive crossings. 

Hence the diagram E™{2k + 1. (2k + l)(n + /) + j) has at least Y{ positive 
crossings, where 

x-l 

Yl = Y^{l{2k + 1 - 2i) + l{2k -2i- 1)) +l+(2k+l~ 2xf 

i=0 

+ x{x - l)n + (2fc + 1 - x){2k - x)n 
+ b{x - 1) + (j - 1 - b)(2k - x). 

From the above discussion, E"^{2k + 1, {2k + l)(n + /) + j) has at most Y2 negative 
crossings, where 

Kj' = l{'2.k + 1)^ + 2fc((2fc + l)n + j) - m - F/. 

Then for j ^ 2fc + 1 we can also check the following. 

l{2k + if + 2k{k + l){n - / + 1) - 1 > 2(fc - x){k - a; + l){n - I + I) 

+ l+{2k+l- 2xf + Kj' {n > I), 
l{2k + 1)2 - 1 > ;+(2fc + 1 - 2xf + Yi (n < 0- 

Indeed, we can compute l{2k + 1)^ + 2k{k + l)(n - / + 1) - 1 - {2{k -x){k~x + 
l){n-l + l) + l+{2k + l-2xf + Y^) = 2{k-x){x-b-l) + x{2k-j) + m + x-b-l. 
We obtain 2{k — x){x — 6 — 1) + x{2k — j) + m + x — b— 1 > m > since wc have 
< j < 2fc-|-l, 6 < a; < fc andx > 1. Similarly l+{2k + l-2xf + Y2 < l{2k + lf-l. 

From Steps 1 and 2, we finish this proof. □ 

Proof of Claim Wl[ We consider E"^{2k,2k{n + f) + j) to compute 
H'{E"^{2k,2k{n + / - 1) + j)). In the proof of Claim 133 we have proved 
that 

• there are an h e {1, . . . , 2fc — 2x}, an a; £ {1, . . . , fc}, an s G {1, . . . , 2A: — 

2x - 1} and an e € {0, 1} such that E"^{2k, 2k{n + /) + j) is equivalent to 
D^{2k — 2x, {2k — 2x){n + f ) + h) Li 11^, where Uq is a circle in the plane 
and Ui is the empty set, 

• if £;"(2A:, 2k{n+f)+j) is either type-1 or type-2, then £""(2^, 2k{n+f)+j) 
has at most X2 negative crossings, 

• if £;"(2fc, 2k{n+f)+j) is either type-3 or type-4, then £'™(2fc, 2k{n+f)+j) 
has at most X2 negative crossings. 
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From Lemma 1431 if i - n- + l-{2k - 2x)'^ > 2{k - x)^{n - I + I) + l{2k - 2x)'^ and 
n > I, then we have 

H\E"\2k,2k{n + f)+j)) 

= Kff {D'{2k - 2x, {2k - 2x){n + f) + h)U U^) 

^ ^^-n^+U{2k~2xf^JJS^2k - 2x, {2k ^ 2x){n + f)+h)U Ue) 

= 0, 

where n_ is the number of the negative crossings of E"^{2k,2k{n + f) + ])■ In 
particular, if i > 2{k — xY{n — ^ + 1) + l+{2k — 2x)'^ + n_ and n > I, then wc have 

H'{E"'{2k, 2k{n + /) + j)) = 0. 

From the above results, to prove Claim 14771 it is sufficient to prove that 

(1) if E"'{2k, 2k{n + /) + j) is either type-1 or type-2, then l{2k)'^ + 2k'^{n - 
l)-2>2{k- x)^{n -l + l) + l+{2k - 2xf + X2, 

(2) if E"'{2k, 2k{n + /) + j) is either type-3 or type-4, then l{2kf + 2k'^{n - 
l)~2>2{k- xf{n + + l+{2k - 2xf + X'^. 

We have already proved ^ in the proof of Claim l474l Let us prove ([T]). Now we 
have 

l{2kf + 2fc2(n -I) - 2- {2{k - xf{n - I + 1) + l+{2k - 2xf + X2) 
= -2 + x{2k - j) + 2{k - x){b - x). 

Recall j = 1, . . . ,2k — 1, b < X < k and 2; > 1. Hence if j < 2A; — 2 or a; > 2, we 
obtain 

-2 + x{2k - j) + 2{k - x){b -x) >0. 

If j = 2k— 1 and a; = 1, then E™{2k, 2k{n + f) +j) is either type-3 or type-4. Hence 
we obtain l{2k)^ + 2k^{n -I) -2- {2{k - xf{n -l + l) + l+{2k - 2xf -t- X2) > 
if £:'"(2fc, 2k{n + /) + j) is either type-1 or type-2. □ 

Proof of Lemma l3.11[ To prove Lemma 13.111 we use Lemma |6. II below. Let K be 
the unknot, be a circle in the plane and 1+ = 1^ = 0. It follows from Lemma [Ol 
that 

H'^'^'y''^^^"- {D2k+l,{2k+l)n-l) = H'^'^''''^^^"' {D2k+l,(2k+l){n~l)) 

for any positive integers n and k. From Lemma l4.21 we have 

H'^^'^''^^^"' {D2k+l,{2k+l){n-l)) = 0. 

□ 

Lemma 6.1. Let K be a knot and D be a knot diagram with positive crossings 
and L negative crossings. Put I — 1+ + I- and f — 1+ — 1-. Then for any positive 
integer k and any n > I, we obtain 

^2fc(fe+i)(n+/)+/(£,(2fc + 1, {2k + l){n + f)~ 1)) 

= ij2fc(fe+i)(n+;)+i(^(2fc + 1, {2k + l){n + f - 1))). 
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Proof. Wc first compute H'{E'''{2k + 1, {2k + l)(n + /-!)+ j)). In the proof of 
Claim 1431 we have proved that 

• there are an/iG{l,...,2fc + l — 2x}, an x G {1, . . . , fc}, an s 6 {1, ... ,2k — 
2x} and an e e {0, 1} such that £'™(2fc + l, {2k + l){n + f)+j) is equivalent 
to D''{2k + 1 - 2x, (2fc + 1 - 2x){n + f) + h) UU^, where Uo is a circle in 
the plane and Ui is the empty set, 

• if E"'{2k + 1, {2k + l)(n + /) + j) is either type-1 or type-2, then E"^{2k + 
1, {2k + l){n + f) + j) has at most Y2 negative crossings, 

• if £""(2fc + 1, {2k + l){n + f)+j) is either type-3 or type-4, then E"''{2k + 
1, {2k + l){n + f) + j) has at most Yj' negative crossings. 

From Lemma l43l if i - n_ + l^{2k + 1 - 2xf > 2{k - x){k - x + l){n - Z + 1) + 
l{2k + 1 — 2x)'^ and n > I, then we have 

H\E'^{2k + l,{2k + l){n + f)+j)) 
= Kff {D''{2k + 1 - 2x, {2k + 1- 2x){n + /) + h)) 

^ jjt-n^+i^{2k+i-2x)^^jjs^2k + l- 2x,{2k + l- 2x){n + f) + h)) 
= 0, 

where rt_ is the number of the negative crossings of i?'"(2A: + 1, {2k + l){n + f)+ j). 
In particular, if « > 2{k - x){k — x+ l){n — I + 1) + ;+(2A:+ 1 — 2xY + n- and n>l, 
then we have 

H\E"'{2k + l,{2k + l){n + f) + j)) ^ 
Then we can prove the following claim. 

Claim 6.2. For j ^ 1, . . . ,2k and m ^ 1, . . . ,2k, if E'^{2k + l,{2k + l){n + f)+j) 
is either type-1 or type-2, then 

(6.5) l{2k + i f + 2k{k -\- l){n - I) - 2 

> 2{k - x){k -x + l){n -l + l) + l+{2k + 1 - 2xf + Y2 

> 2{k - x){k -x + l){n - I + 1) + l+{2k + 1 - 2xf + n_, 

and if E"^{2k + 1, {2k + l)(n + /) + j) is either type-3 or type-A, then 

(6.6) l{2k + if + 2k{k + l){n - I) - 2 

> 2{k - x){k - .X + l)(n - ; + 1) + l+{2k + 1 - 2xf + K,' 

> 2{k - x){k - x + l){n-l + l) + l+{2k + 1 - 2xf + 

We prove Claim 16.21 latter. From the above discussion and Claim 16.21 if i > 
l{2k + 1)2 + 2k{k + l){n -I) -2, then H'{E"'{2k + 1, {2k + l){ri + f) + j)) = for 
j = 1, ... ,2k and m = 1, ... ,2k. Now there is the following exact sequence: 



^ W-\E"'{2k+l, {2k+l){n+f-l)+j)) ^ H'iD-''^-\2k+l, (2fc+l)(n+/-l)+j)) 
^ W{D"'{2k+l, {2k+l){n+f-l)+j)) ^ W{E"'{2k+l, {2k+l){n+f-l)+j)) ^, 
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where m — 1, . . . , 2fc, n > and j = 1, • ■ • , 2A;. From the above result and this 
exact sequence, we obtain 

jj2k(k+l)(n+l)+l^jj^2k + 1, {2k + l)(n + /) - 1)) 

= i72fc(fe+i)(„+o+i(£,i(2fc + 1, {2k + \){n + f-l) + 2k- 1)) 
^ ^2fc(fc+i)(n+o+i(£,2(2fc + 1, {2k + l){n + / - 1) + 2/s - 1)) 

^ ^2fe(fc+l)(n+0+i(£)2/c((2fc + 1, (2fc + l)(n + / 

^ ^2fe(fc+i)(„+o+ipO(2fc + 1^ (2fc + i)(„ + / _ 
= iy2fc(fe+i)(n+o+;pi(2fc + 1, {2k + l){n + f- 

^ ^2fe(fc+l)(n+0+i(£,2fc(2fc + 1, {2k + l){n + /-!) + 1)) 
= ii-2fc(fc+i)(n+i)+ip(2fc, 2k{n + / - 1))). 

□ 

Proof of Claim l6^ We have already proved ()6.6p in the proof of Claim |4?5] Let us 
prove (|6.5p . Now we obtain 

l{2k + 1)2 + 2k{k + l){n - /) - 2- 

- (2(fc - x)(fc - X + l)(n - Z + 1) + ;+(2fc + 1 - 2xy + Y2) 
= -2 + x{2k + 1 - j) + 2(fc - a;)(6 -x)+x-h. 

Recall J = 1, . . . , 2fc + 1, 6 < a; < fc and a; > 1. Hence if j < 2fc — 1 or x > 2, we 
obtain 

-2 + x{2k + 1 - j) + 2(fc - x){f) - x) + x - 6 > 0. 

If j = 2fc and X = 1, then E''^{2k + 1, (2fc + l)(n + /) + is either type-3 or type- 
4. Hence if £""(2fc + 1, (2fc + l)(n + /) + j) is either type-1 or type-2, we obtain 
?(2fc + l)2 + 2fc(fc + l)(n-/)-2 > 2(fc-x)(fc-x + l)(n-/ + l) + ;+(2fc+l-2x)2 + r2 
for j = 1, . . . ,2fc. □ 
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